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• Node:	2	IBM	POWER9	+	6	NVIDIA	V100	GPUs
• 4,608	nodes,	9,216	IBM	Power9	CPUs
• 27,648	V100	GPUs
• Peak	performance	of	200	Pflop/s	for	modeling	

&	simulation
• Peak	performance	of	3.3	Eflop/s	

for	16	bit	floating	point	used	in	data	
analytics	and	artificial	intelligence	

(8	TFLOPs	/	GPU)

(10^18)
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Where	do	we	stand?
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Where	do	we	stand?

John	D.	McCalpin (TACC)

64bit	read,
1	DP-FLOP	

1. Compute	power	(#FLOPs)	grows	much	faster	than	bandwidth.

”Operations	 are	free,	mem	access	and	comm is	what	counts.”
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“Sync-Free	fine-grained	parallelism	needed.”



5 10/02/2019Hartwig Anzt:	Algorithm	Design	in	the	Advent	of	Exascale Computing

• Node:	2	IBM	POWER9	+	6	NVIDIA	V100	GPUs
• 4,608	nodes,	9,216	IBM	Power9	CPUs
• 27,648	V100	GPUs
• Peak	performance	of	200	Pflop/s	for	modeling	

&	simulation
• Peak	performance	of	3.3	Eflop/s	

for	16	bit	floating	point	used	in	data	
analytics	and	artificial	intelligence	

(8	TFLOPs	/	GPU)

(10^18)

Copyright@ORNL

Where	do	we	stand?

John	D.	McCalpin (TACC)

64bit	read,
1	DP-FLOP	

1. Compute	power	(#FLOPs)	grows	much	faster	than	bandwidth.

”Operations	 are	free,	mem	access	and	comm is	what	counts.”

2. Manycore architectures	need	new	algorithmic	approaches.

“Sync-Free	fine-grained	parallelism	needed.”

3. Software	lives	longer	than	hardware.

“We	need	a	paradigm	change	to	embrace	software	development.”
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The	Communication	Bottleneck
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The	Communication	Bottleneck

Roofline	Model
Given	certain	hardware	characteristics:

memory	bandwidth,	
arithmetic	power,

the	performance	of	any	operation	is	
• either	bound	by	the	data	access/communication	(memory	bound),
• or	by	the	arithmetic	operations	(compute	bound).

Acceleration
Top	Speed

Sp
ee
d

Runway
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The	Communication	Bottleneck

Roofline	Model

C = A⇥B
<latexit sha1_base64="Ee75nj2Qh3Z32XFl1pPmtZ3yAdI=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBchmovHCOYByRJmJ7PJkNnZdaY3EEK+w4sHRbz6Md78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNUycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw+rMb464NiJWjzhOuB/RvhKhYBSt5FfJDbntoIi4IXfdYsktu3OQVeJlpAQZat3iV6cXszTiCpmkxrQ9N0F/QjUKJvm00EkNTygb0j5vW6qoXeNP5kdPyZlVeiSMtS2FZK7+npjQyJhxFNjOiOLALHsz8T+vnWJ47U+ESlLkii0WhakkGJNZAqQnNGcox5ZQpoW9lbAB1ZShzalgQ/CWX14ljYuy55a9h8tSxc3iyMMJnMI5eHAFFbiHGtSBwRM8wyu8OSPnxXl3PhatOSebOYY/cD5/ANzQkMs=</latexit><latexit sha1_base64="Ee75nj2Qh3Z32XFl1pPmtZ3yAdI=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBchmovHCOYByRJmJ7PJkNnZdaY3EEK+w4sHRbz6Md78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNUycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw+rMb464NiJWjzhOuB/RvhKhYBSt5FfJDbntoIi4IXfdYsktu3OQVeJlpAQZat3iV6cXszTiCpmkxrQ9N0F/QjUKJvm00EkNTygb0j5vW6qoXeNP5kdPyZlVeiSMtS2FZK7+npjQyJhxFNjOiOLALHsz8T+vnWJ47U+ESlLkii0WhakkGJNZAqQnNGcox5ZQpoW9lbAB1ZShzalgQ/CWX14ljYuy55a9h8tSxc3iyMMJnMI5eHAFFbiHGtSBwRM8wyu8OSPnxXl3PhatOSebOYY/cD5/ANzQkMs=</latexit><latexit sha1_base64="Ee75nj2Qh3Z32XFl1pPmtZ3yAdI=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBchmovHCOYByRJmJ7PJkNnZdaY3EEK+w4sHRbz6Md78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNUycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw+rMb464NiJWjzhOuB/RvhKhYBSt5FfJDbntoIi4IXfdYsktu3OQVeJlpAQZat3iV6cXszTiCpmkxrQ9N0F/QjUKJvm00EkNTygb0j5vW6qoXeNP5kdPyZlVeiSMtS2FZK7+npjQyJhxFNjOiOLALHsz8T+vnWJ47U+ESlLkii0WhakkGJNZAqQnNGcox5ZQpoW9lbAB1ZShzalgQ/CWX14ljYuy55a9h8tSxc3iyMMJnMI5eHAFFbiHGtSBwRM8wyu8OSPnxXl3PhatOSebOYY/cD5/ANzQkMs=</latexit><latexit sha1_base64="Ee75nj2Qh3Z32XFl1pPmtZ3yAdI=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBchmovHCOYByRJmJ7PJkNnZdaY3EEK+w4sHRbz6Md78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNUycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw+rMb464NiJWjzhOuB/RvhKhYBSt5FfJDbntoIi4IXfdYsktu3OQVeJlpAQZat3iV6cXszTiCpmkxrQ9N0F/QjUKJvm00EkNTygb0j5vW6qoXeNP5kdPyZlVeiSMtS2FZK7+npjQyJhxFNjOiOLALHsz8T+vnWJ47U+ESlLkii0WhakkGJNZAqQnNGcox5ZQpoW9lbAB1ZShzalgQ/CWX14ljYuy55a9h8tSxc3iyMMJnMI5eHAFFbiHGtSBwRM8wyu8OSPnxXl3PhatOSebOYY/cD5/ANzQkMs=</latexit>

Matrix-Matrix	Product	(GEMM):
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Memory	operations
Arithmetic	operations

We	just	need	to	increase	the	size,	and	at	some	point	
the	operation	becomes	compute	bound.	

Given	certain	hardware	characteristics:
memory	bandwidth,	
arithmetic	power,

the	performance	of	any	operation	is	
• either	bound	by	the	data	access/communication	(memory	bound),
• or	by	the	arithmetic	operations	(compute	bound).

Acceleration
Top	Speed

“we	infinitely	extend	the	acceleration	runway”

A,B,C 2 Rn⇥n
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Dense	Matrix	Operations?

• The	inter-node	communication	is	the	limiting	resource;

• Each	node	has	more	computational	power	than	what	we	can	leverage;

Mark	Gates	(UTK)

• Node:	2	IBM	POWER9	+	6	NVIDIA	V100	GPUs
• 4,608	nodes,	9,216	IBM	Power9	CPUs
• 27,648	V100	GPUs
• Peak	performance	of	200	Pflop/s	for	modeling	

&	simulation
• Peak	performance	of	3.3	Eflop/s	

for	16	bit	floating	point	used	in	data	
analytics	and	artificial	intelligence	

(8	TFLOPs	/	GPU)

(10^18)

Copyright@ORNL

The	Communication	Bottleneck



11 10/02/2019Hartwig Anzt:	Algorithm	Design	in	the	Advent	of	Exascale Computing

Dense	Matrix	Operations?

• The	inter-node	communication	is	the	limiting	resource;

• Each	node	has	more	computational	power	than	what	we	can	leverage;• Node:	2	IBM	POWER9	+	6	NVIDIA	V100	GPUs
• 4,608	nodes,	9,216	IBM	Power9	CPUs
• 27,648	V100	GPUs
• Peak	performance	of	200	Pflop/s	for	modeling	

&	simulation
• Peak	performance	of	3.3	Eflop/s	

for	16	bit	floating	point	used	in	data	
analytics	and	artificial	intelligence	

(8	TFLOPs	/	GPU)

(10^18)

Copyright@ORNL

The	Communication	Bottleneck
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Dense	Matrix	Operations?

• The	inter-node	communication	is	the	limiting	resource;

• Each	node	has	more	computational	power	than	what	we	can	leverage;

Sparse	/	Graph	Problems?

• Sparse	Matrix	Vector	Product	(SpMV)	is	a	central	building	block;
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• 4,608	nodes,	9,216	IBM	Power9	CPUs
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• Peak	performance	of	200	Pflop/s	for	modeling	

&	simulation
• Peak	performance	of	3.3	Eflop/s	

for	16	bit	floating	point	used	in	data	
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Dense	Matrix	Operations?

• The	inter-node	communication	is	the	limiting	resource;

• Each	node	has	more	computational	power	than	what	we	can	leverage;

Sparse	/	Graph	Problems?

• Sparse	Matrix	Vector	Product	(SpMV)	is	a	central	building	block;

• For	many	of	the	problems	in	the	SuiteSparse Matrix	Collection1,	

a	Multi-node	SpMV is	slower	than	a	Single-node	SpMV;

• The	inter-node	communication	is	an	order	of	magnitude	slower	

than	the	 local	computations.

1SuiteSparse	Matrix	Collection:	https://sparse.tamu.edu/
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Dense	Matrix	Operations?

• The	inter-node	communication	is	the	limiting	resource;

• Each	node	has	more	computational	power	than	what	we	can	leverage;

Sparse	/	Graph	Problems?

• Sparse	Matrix	Vector	Product	(SpMV)	is	a	central	building	block;

• For	many	of	the	problems	in	the	SuiteSparse Matrix	Collection1,	

a	Multi-node	SpMV is	slower	than	a	Single-node	SpMV;

• The	inter-node	communication	is	an	order	of	magnitude	slower	

than	the	 local	computations.

1SuiteSparse	Matrix	Collection:	https://sparse.tamu.edu/
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Dense	Matrix	Operations?

• The	inter-node	communication	is	the	limiting	resource;

• Each	node	has	more	computational	power	than	what	we	can	leverage;

Sparse	/	Graph	Problems?

• Sparse	Matrix	Vector	Product	(SpMV)	is	a	central	building	block;

• For	many	of	the	problems	in	the	SuiteSparse Matrix	Collection1,	

a	Multi-node	SpMV is	slower	than	a	Single-node	SpMV;

• The	inter-node	communication	is	an	order	of	magnitude	slower	

than	the	 local	computations.

1SuiteSparse	Matrix	Collection:	https://sparse.tamu.edu/
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• The	arithmetic	operations	should	use	
high	precision	formats natively	supported	by	hardware.

• Data	access	should	 be	as	cheap	as	possible,	
reduced	precision.

• Consider	a	wide	range	of	memory	formats:

• IEEE	standard	precision	formats

• Customized	formats	(configuring	mantissa/exponent)

• Lossy compression

• …

Radically	decouple	storage	format	from	arithmetic	format.

Copyright@ORNL

Data	Accessor
• Value	Clustering

Data	Compression

IEEE	754	DP

Memory

Processing	Units

Memory	Operations

Arithmetic	Operations

• IEEE
• Custom	Formats
• Lossy/Lossless
• Unum,	 Posits	…
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• Solve	sparse	linear	system

• Preconditioners	for	iterative	solvers.

• Idea:	Approximate	inverse	of	system	matrix	to	make	the	system	“easier	to	solve”:

,																													,	and	we	solve																																															.Ã = P�1A Ax = b , Ãx = b̃b̃ = P�1b

P�1 ⇡ A�1

Spotlight	Example:	Use	reduced	precision	for	“approximate	Operators”

Ax = b , Ãx = b̃
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• Solve	sparse	linear	system

• Preconditioners	for	iterative	solvers.

• Idea:	Approximate	inverse	of	system	matrix	to	make	the	system	“easier	to	solve”:

,																													,	and	we	solve																																															.

• Why	should	we	store	the	preconditioner	matrix												in	full	(high)	precision?	

• We	have	to	ensure	regularity!	(Reducing	precision	can	turn	matrix	singular)

Ã = P�1A Ax = b , Ãx = b̃b̃ = P�1b

P�1 ⇡ A�1

P�1

Spotlight	Example:	Use	reduced	precision	for	“approximate	Operators”

Ax = b , Ãx = b̃
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• Solve	sparse	linear	system

• Preconditioners	for	iterative	solvers.

• Idea:	Approximate	inverse	of	system	matrix	to	make	the	system	“easier	to	solve”:

,																													,	and	we	solve																																															.

• Why	should	we	store	the	preconditioner	matrix												in	full	(high)	precision?	

• We	have	to	ensure	regularity!	(Reducing	precision	can	turn	matrix	singular)

• Jacobi	method	based	on diagonal	scaling

• Block-Jacobi is	based	on	block-diagonal	scaling:

• Large	set	of	small	diagonal	blocks.

• Each	block	corresponds	to	one	(small)	linear	system.

• Larger blocks	typically	improve	convergence.

• Larger blocks	make	block-Jacobi	more	expensive.

Extreme	case:	one	block	of	matrix	size.

Ã = P�1A Ax = b , Ãx = b̃

P = diagB(A)

P = diag(A)

b̃ = P�1b

P�1 ⇡ A�1

P�1

Spotlight	Example:	Use	reduced	precision	for	“approximate	Operators”

https://science.nasa.gov/earth-science/focus-areas/earth-weather

Ax = b , Ãx = b̃
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Extract	diagonal	block	from
sparse	data	structure.

Invert	diagonal	block.

Insert	inverse	as	diagonal	block	
into	preconditioner	matrix.

…

1.

2.

3.

Preconditioner	Setup:

• Identify	the	diagonal	blocks

• Form	the	block-Inverse

Preconditioner	Application:

• Apply	the	preconditioner	in	every	solver	iteration	via:
y := P

�1
x

P = diagB(A)

P�1 ⇡ A�1

We	can	store	diagonal	blocks	in	lower	precision,	if	regularity	is	preserved!

Spotlight	Example:	Block-Jacobi	Preconditioning
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• 70	matrices	from	the	SuiteSparse Matrix	Collection

• Use	block-size	24	with	Super-Variable	agglomeration	(24	is	upper	bound	 for	size	of	blocks)

• Report	conditioning	of	all	arising	diagonal	blocks
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• 70	matrices	from	the	SuiteSparse Matrix	Collection

• Use	block-size	24	with	Super-Variable	agglomeration	(24	is	upper	bound	 for	size	of	blocks)

• Report	conditioning	of	all	arising	diagonal	blocks

• Analyze	the	impact	of	storing	block-Jacobi	in	lower	precision	a	top-level	Conjugate	Gradient	solver	(CG)
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Overhead	compared	to	double	precision	algorithm.

Smaller	is	better!

Adaptive	Precision	Block-Jacobi	Preconditioning
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Test matrices
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Multi-Precision	Idea:

• All	computations	use	double	precision!

• Store	distinct	blocks	 in	different	formats
• Use	single	precision	as	standard	storage	format
• Where	necessary: switch	to	double
• For	well-conditioned	blocks	use	half	precision

Estimate	conditioning
of	diagonal	block

> 106

< 101

Store	block	in	single	precision

Store	block	in	double	precision

Store	block	in	half	precision

Anzt,	Dongarra,	 Flegar,	Higham,	Quintana-Orti.	 ”	Adaptive	 Precision	 in	Block-Jacobi	 Preconditioning	 for	Iterative	Sparse	Linear	System	Solvers”. CCPE,	2019.

Adaptive	Precision	Block-Jacobi	Preconditioning
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Multi-Precision	Idea:

• All	computations	use	double	precision!

• Depart	from	the	rigid	IEEE	precision	formats!

• Preserve	either	1	or	2	digits	accuracy	of	the	
inverted	diagonal	blocks.

Flegar,	Anzt,	Quintana-Orti.	”Customized-Precision	 Block-Jacobi	 Preconditioning	 for	Krylov Iterative	Solvers	on	Data-Parallel	 Manycore Processors”. TOMS,	submitted.

Adaptive	Precision	Block-Jacobi	Preconditioning
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Multi-Precision	Idea:

• All	computations	use	double	precision!

• Depart	from	the	rigid	IEEE	precision	formats!

• Preserve	either	1	or	2	digits	accuracy	of	the	
inverted	diagonal	blocks.

ü Regularity	preserved;

ü No	flexible	Krylov solver	needed	

(Preconditioner	constant	operator);

ü Can	handle	non-spd problems	

(inversion	features	pivoting);

ü Preconditioner	for	any	iterative	preconditionable solver;

Adaptive	Precision	Block-Jacobi	Preconditioning

- Overhead	of	the	precision	detection	

(condition	number	calculation);

- Overhead	from	storing	precision	information

(need	to	additionally	store/retrieve	flag);

- Speedups	 /	preconditioner	quality	problem-dependent;
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Problems	where	the	preconditioner	has	higher	accuracy	than	2	digits.	
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Roughly	20%	faster.

Flegar,	Anzt,	Cojean,	Quintana-Orti.	”Customized-Precision	Block-Jacobi	Preconditioning	for	
Krylov Iterative	Solvers	on	Data-Parallel	Manycore Processors”. TOMS,	submitted.

Artifact	Evaluation:	https://github.com/ginkgo-project/ginkgo-data/tree/2019toms-adaptive-bj

Production-ready	 code:	https://ginkgo-project.github.io/
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Dense	Matrix	Operations?

• The	inter-node	communication	is	the	limiting	resource;

• Each	node	has	more	computational	power	than	what	we	can	leverage;

Sparse	/	Graph	Problems?

• Sparse	Matrix	Vector	Product	(SpMV)	is	a	central	building	block;

• For	many	of	the	problems	in	the	SuiteSparse Matrix	Collection1,	

a	Multi-node	SpMV is	slower	than	a	Single-node	SpMV;

• The	inter-node	communication	is	an	order	of	magnitude	slower	

than	the	 local	computations.

1SuiteSparse	Matrix	Collection:	https://sparse.tamu.edu/

• Node:	2	IBM	POWER9	+	6	NVIDIA	V100	GPUs
• 4,608	nodes,	9,216	IBM	Power9	CPUs
• 27,648	V100	GPUs
• Peak	performance	of	200	Pflop/s	for	modeling	

&	simulation
• Peak	performance	of	3.3	Eflop/s	

for	16	bit	floating	point	used	in	data	
analytics	and	artificial	intelligence	

(8	TFLOPs	/	GPU)

(10^18)

The	Communication	Bottleneck
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• The	arithmetic	operations	should	use	
high	precision	formats natively	supported	by	hardware.

• Data	access	should	 be	as	cheap	as	possible,	
reduced	precision.

• Consider	a	wide	range	of	memory	formats:

• IEEE	standard	precision	formats

• Customized	formats	(configuring	mantissa/exponent)

• Lossy compression

• …

Radically	decouple	storage	format	from	arithmetic	format.

Copyright@ORNL

Data	Accessor
• Value	Clustering

Data	Compression

IEEE	754	DP

Memory

Processing	Units

Memory	Operations

Arithmetic	Operations

• IEEE
• Custom	Formats
• Lossy/Lossless
• Unum,	 Posits	…



34 10/02/2019Hartwig Anzt:	Algorithm	Design	in	the	Advent	of	Exascale Computing

How	to	deal	with	the	Manycore Parallelism?

• Increasing	adoption	of	manycore accelerators	

-- partly	motivated	by	the	Machine	Learning	excitement;

• Integration	of	low-precision	tensor	units;

• The	GPU	streaming	model	is	dominating;

• Algorithms	need	fine-grained	parallelism

-- thousands	 of	SIMT	threads!

• Global	synchronizations are	killing	performance;

• Runtime	scheduling	of	thread	blocks	virtually	impossible;

• Memory	access	pattern	central	(coalesced	data	access);

• Asynchronous	 algorithms	needed;

• Reformulation	as	fixed-point	iteration;

Nvidia Kepler, 1 Nvidia Pascal, 3

Nvidia 
Volta, 9

Matrix-2000, 1

Deep Computing 
P., 1

Xeon Phi 
Main, 8

ShenWei, 1
Power BQC, 3

None, 23

Nvidia Kepler Nvidia Pascal Nvidia Volta

Matrix-2000 Deep Computing P. Xeon Phi Main

ShenWei Power BQC None

Accelerator	share	in	the	TOP50	systems	[Jun	2019]

Jack	Dongarra (UTK)
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Spotlight	Example:	Incomplete	Sparse	Factorizations

We	are	looking	for	a	factorization-based	preconditioner	such	that	 																			.	
is	a	good	approximation	with	moderate	nonzero	count	(e.g.																																													).nnz(L+ U) = nnz(A)
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Spotlight	Example:	Incomplete	Sparse	Factorizations

We	are	looking	for	a	factorization-based	preconditioner	such	that	 																			.	
is	a	good	approximation	with	moderate	nonzero	count	(e.g.																																													).

• Where	should	these	nonzero	elements	be	located?
• How	can	we	compute	the	preconditioner	 in	a	highly	parallel	fashion?

nnz(L+ U) = nnz(A)

S(A) = {(i, j) 2 N2 : Aij 6= 0}
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Spotlight	Example:	Incomplete	Sparse	Factorizations

Exact	LU	Factorization

• Decompose	system	matrix	into	product	 																		.
• Based	on	Gaussian	elimination.
• Triangular	solves	to	solve	a	system															:

• De-Facto	standard	for	solving	dense	problems.
• What	about	sparse?	Often	significant	fill-in…

A = L · U

Ax = b

nnz(L+ U) = nnz(A)
We	are	looking	for	a	factorization-based	preconditioner	such	that	 																			.	
is	a	good	approximation	with	moderate	nonzero	count	(e.g.																																													).

• Where	should	these	nonzero	elements	be	located?
• How	can	we	compute	the	preconditioner	 in	a	highly	parallel	fashion?

Ly = b ) y ) Ux = y ) x

A ⇡ L · U
0
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S(A) = {(i, j) 2 N2 : Aij 6= 0}
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Spotlight	Example:	Incomplete	Sparse	Factorizations

Exact	LU	Factorization

• Decompose	system	matrix	into	product	 																		.
• Based	on	Gaussian	elimination.
• Triangular	solves	to	solve	a	system															:

• De-Facto	standard	for	solving	dense	problems.
• What	about	sparse?	Often	significant	fill-in…

A = L · U

Ax = b

nnz(L+ U) = nnz(A)
We	are	looking	for	a	factorization-based	preconditioner	such	that	 																			.	
is	a	good	approximation	with	moderate	nonzero	count	(e.g.																																													).

• Where	should	these	nonzero	elements	be	located?
• How	can	we	compute	the	preconditioner	 in	a	highly	parallel	fashion?

Ly = b ) y ) Ux = y ) x

A ⇡ L · U
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Incomplete	LU	Factorization	(ILU)

• Focused	on	restricting	fill-in	to	a
specific	sparsity	pattern				.

• For	ILU(0),				is	the	sparsity	pattern	of				.
• Works	well	for	many	problems.
• Is	this	the	best	we	can	get	for	nonzero	count?

• Fill-in	in	threshold	ILU	(ILUT)	bases				on	the
significance	of	elements	(e.g.	magnitude).

• Often	better	preconditioners	than	
level-based	ILU.

• Difficult	to	parallelize.
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Spotlight	Example:	Incomplete	Sparse	Factorizations

Exact	LU	Factorization

• Decompose	system	matrix	into	product	 																		.
• Based	on	Gaussian	elimination.
• Triangular	solves	to	solve	a	system															:

• De-Facto	standard	for	solving	dense	problems.
• What	about	sparse?	Often	significant	fill-in…

A = L · U

Ax = b

nnz(L+ U) = nnz(A)
We	are	looking	for	a	factorization-based	preconditioner	such	that	 																			.	
is	a	good	approximation	with	moderate	nonzero	count	(e.g.																																													).

• Where	should	these	nonzero	elements	be	located?
• How	can	we	compute	the	preconditioner	 in	a	highly	parallel	fashion?

Ly = b ) y ) Ux = y ) x

A ⇡ L · U
0
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<latexit sha1_base64="PUBDVAdw/YcvCFB7LWvr/kGEX+k="></latexit><latexit sha1_base64="PUBDVAdw/YcvCFB7LWvr/kGEX+k="></latexit><latexit sha1_base64="PUBDVAdw/YcvCFB7LWvr/kGEX+k="></latexit><latexit sha1_base64="PUBDVAdw/YcvCFB7LWvr/kGEX+k="></latexit>

Incomplete	LU	Factorization	(ILU)

• Focused	on	restricting	fill-in	to	a
specific	sparsity	pattern				.

• For	ILU(0),				is	the	sparsity	pattern	of				.
• Works	well	for	many	problems.
• Is	this	the	best	we	can	get	for	nonzero	count?

• Fill-in	in	threshold	ILU	(ILUT)	bases				on	the
significance	of	elements	(e.g.	magnitude).

• Often	better	preconditioners	than	
level-based	ILU.

• Difficult	to	parallelize.

A

S
<latexit sha1_base64="lTvLN/LQpJsWblZK1xNqpAp924k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuiy4MZlRVsLTSiT6U07dDIJMxOhhGz8FTcuFHHrZ7jzb5ykWWjrgYHDOfc1J0g4U9pxvq3ayura+kZ9s7G1vbO7Z+8f9FScSgpdGvNY9gOigDMBXc00h34igUQBh4dgel34D48gFYvFvZ4l4EdkLFjIKNFGGtpHXkT0hBKeeeWwLOAp5Hf50G46LacEXiZuRZqoQmdof3mjmKYRCE05UWrgOon2MyI1oxzyhpcqSAidkjEMDBUkAuVn5c4cnxplhMNYmic0LtXfHRmJlJpFgakszlWLXiH+5w1SHV75GRNJqkHQ+aIw5VjHuEgDj5gEqvnMEEIlM7diOiGSUG0ya5gQ3MUvL5Peect1Wu7tRbPtVHHU0TE6QWfIRZeojW5QB3URRTl6Rq/ozXqyXqx362NeWrOqnkP0B9bnD8pjlxs=</latexit><latexit sha1_base64="lTvLN/LQpJsWblZK1xNqpAp924k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuiy4MZlRVsLTSiT6U07dDIJMxOhhGz8FTcuFHHrZ7jzb5ykWWjrgYHDOfc1J0g4U9pxvq3ayura+kZ9s7G1vbO7Z+8f9FScSgpdGvNY9gOigDMBXc00h34igUQBh4dgel34D48gFYvFvZ4l4EdkLFjIKNFGGtpHXkT0hBKeeeWwLOAp5Hf50G46LacEXiZuRZqoQmdof3mjmKYRCE05UWrgOon2MyI1oxzyhpcqSAidkjEMDBUkAuVn5c4cnxplhMNYmic0LtXfHRmJlJpFgakszlWLXiH+5w1SHV75GRNJqkHQ+aIw5VjHuEgDj5gEqvnMEEIlM7diOiGSUG0ya5gQ3MUvL5Peect1Wu7tRbPtVHHU0TE6QWfIRZeojW5QB3URRTl6Rq/ozXqyXqx362NeWrOqnkP0B9bnD8pjlxs=</latexit><latexit sha1_base64="lTvLN/LQpJsWblZK1xNqpAp924k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuiy4MZlRVsLTSiT6U07dDIJMxOhhGz8FTcuFHHrZ7jzb5ykWWjrgYHDOfc1J0g4U9pxvq3ayura+kZ9s7G1vbO7Z+8f9FScSgpdGvNY9gOigDMBXc00h34igUQBh4dgel34D48gFYvFvZ4l4EdkLFjIKNFGGtpHXkT0hBKeeeWwLOAp5Hf50G46LacEXiZuRZqoQmdof3mjmKYRCE05UWrgOon2MyI1oxzyhpcqSAidkjEMDBUkAuVn5c4cnxplhMNYmic0LtXfHRmJlJpFgakszlWLXiH+5w1SHV75GRNJqkHQ+aIw5VjHuEgDj5gEqvnMEEIlM7diOiGSUG0ya5gQ3MUvL5Peect1Wu7tRbPtVHHU0TE6QWfIRZeojW5QB3URRTl6Rq/ozXqyXqx362NeWrOqnkP0B9bnD8pjlxs=</latexit><latexit sha1_base64="lTvLN/LQpJsWblZK1xNqpAp924k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuiy4MZlRVsLTSiT6U07dDIJMxOhhGz8FTcuFHHrZ7jzb5ykWWjrgYHDOfc1J0g4U9pxvq3ayura+kZ9s7G1vbO7Z+8f9FScSgpdGvNY9gOigDMBXc00h34igUQBh4dgel34D48gFYvFvZ4l4EdkLFjIKNFGGtpHXkT0hBKeeeWwLOAp5Hf50G46LacEXiZuRZqoQmdof3mjmKYRCE05UWrgOon2MyI1oxzyhpcqSAidkjEMDBUkAuVn5c4cnxplhMNYmic0LtXfHRmJlJpFgakszlWLXiH+5w1SHV75GRNJqkHQ+aIw5VjHuEgDj5gEqvnMEEIlM7diOiGSUG0ya5gQ3MUvL5Peect1Wu7tRbPtVHHU0TE6QWfIRZeojW5QB3URRTl6Rq/ozXqyXqx362NeWrOqnkP0B9bnD8pjlxs=</latexit>

S
<latexit sha1_base64="lTvLN/LQpJsWblZK1xNqpAp924k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuiy4MZlRVsLTSiT6U07dDIJMxOhhGz8FTcuFHHrZ7jzb5ykWWjrgYHDOfc1J0g4U9pxvq3ayura+kZ9s7G1vbO7Z+8f9FScSgpdGvNY9gOigDMBXc00h34igUQBh4dgel34D48gFYvFvZ4l4EdkLFjIKNFGGtpHXkT0hBKeeeWwLOAp5Hf50G46LacEXiZuRZqoQmdof3mjmKYRCE05UWrgOon2MyI1oxzyhpcqSAidkjEMDBUkAuVn5c4cnxplhMNYmic0LtXfHRmJlJpFgakszlWLXiH+5w1SHV75GRNJqkHQ+aIw5VjHuEgDj5gEqvnMEEIlM7diOiGSUG0ya5gQ3MUvL5Peect1Wu7tRbPtVHHU0TE6QWfIRZeojW5QB3URRTl6Rq/ozXqyXqx362NeWrOqnkP0B9bnD8pjlxs=</latexit><latexit sha1_base64="lTvLN/LQpJsWblZK1xNqpAp924k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuiy4MZlRVsLTSiT6U07dDIJMxOhhGz8FTcuFHHrZ7jzb5ykWWjrgYHDOfc1J0g4U9pxvq3ayura+kZ9s7G1vbO7Z+8f9FScSgpdGvNY9gOigDMBXc00h34igUQBh4dgel34D48gFYvFvZ4l4EdkLFjIKNFGGtpHXkT0hBKeeeWwLOAp5Hf50G46LacEXiZuRZqoQmdof3mjmKYRCE05UWrgOon2MyI1oxzyhpcqSAidkjEMDBUkAuVn5c4cnxplhMNYmic0LtXfHRmJlJpFgakszlWLXiH+5w1SHV75GRNJqkHQ+aIw5VjHuEgDj5gEqvnMEEIlM7diOiGSUG0ya5gQ3MUvL5Peect1Wu7tRbPtVHHU0TE6QWfIRZeojW5QB3URRTl6Rq/ozXqyXqx362NeWrOqnkP0B9bnD8pjlxs=</latexit><latexit sha1_base64="lTvLN/LQpJsWblZK1xNqpAp924k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuiy4MZlRVsLTSiT6U07dDIJMxOhhGz8FTcuFHHrZ7jzb5ykWWjrgYHDOfc1J0g4U9pxvq3ayura+kZ9s7G1vbO7Z+8f9FScSgpdGvNY9gOigDMBXc00h34igUQBh4dgel34D48gFYvFvZ4l4EdkLFjIKNFGGtpHXkT0hBKeeeWwLOAp5Hf50G46LacEXiZuRZqoQmdof3mjmKYRCE05UWrgOon2MyI1oxzyhpcqSAidkjEMDBUkAuVn5c4cnxplhMNYmic0LtXfHRmJlJpFgakszlWLXiH+5w1SHV75GRNJqkHQ+aIw5VjHuEgDj5gEqvnMEEIlM7diOiGSUG0ya5gQ3MUvL5Peect1Wu7tRbPtVHHU0TE6QWfIRZeojW5QB3URRTl6Rq/ozXqyXqx362NeWrOqnkP0B9bnD8pjlxs=</latexit><latexit sha1_base64="lTvLN/LQpJsWblZK1xNqpAp924k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuiy4MZlRVsLTSiT6U07dDIJMxOhhGz8FTcuFHHrZ7jzb5ykWWjrgYHDOfc1J0g4U9pxvq3ayura+kZ9s7G1vbO7Z+8f9FScSgpdGvNY9gOigDMBXc00h34igUQBh4dgel34D48gFYvFvZ4l4EdkLFjIKNFGGtpHXkT0hBKeeeWwLOAp5Hf50G46LacEXiZuRZqoQmdof3mjmKYRCE05UWrgOon2MyI1oxzyhpcqSAidkjEMDBUkAuVn5c4cnxplhMNYmic0LtXfHRmJlJpFgakszlWLXiH+5w1SHV75GRNJqkHQ+aIw5VjHuEgDj5gEqvnMEEIlM7diOiGSUG0ya5gQ3MUvL5Peect1Wu7tRbPtVHHU0TE6QWfIRZeojW5QB3URRTl6Rq/ozXqyXqx362NeWrOqnkP0B9bnD8pjlxs=</latexit>
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Spotlight	Example:	Incomplete	Sparse	Factorizations

Exact	LU	Factorization

• Decompose	system	matrix	into	product	 																		.
• Based	on	Gaussian	elimination.
• Triangular	solves	to	solve	a	system															:

• De-Facto	standard	for	solving	dense	problems.
• What	about	sparse?	Often	significant	fill-in…

A = L · U

Ax = b

Incomplete	LU	Factorization	(ILU)

• Focused	on	restricting	fill-in	to	a
specific	sparsity	pattern				.

• For	ILU(0),				is	the	sparsity	pattern	of				.
• Works	well	for	many	problems.
• Is	this	the	best	we	can	get	for	nonzero	count?

• Fill-in	in	threshold	ILU	(ILUT)	bases					on	the
significance	of	elements	(e.g.	magnitude).

• Often	better	preconditioners	than	
level-based	ILU.

• Difficult	to	parallelize.

A

nnz(L+ U) = nnz(A)
We	are	looking	for	a	factorization-based	preconditioner	such	that	 																			.	
is	a	good	approximation	with	moderate	nonzero	count	(e.g.																																													).

• Where	should	these	nonzero	elements	be	located?
• How	can	we	compute	the	preconditioner	 in	a	highly	parallel	fashion?

Ly = b ) y ) Ux = y ) x

A ⇡ L · U
0
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<latexit sha1_base64="PUBDVAdw/YcvCFB7LWvr/kGEX+k="></latexit><latexit sha1_base64="PUBDVAdw/YcvCFB7LWvr/kGEX+k="></latexit><latexit sha1_base64="PUBDVAdw/YcvCFB7LWvr/kGEX+k="></latexit><latexit sha1_base64="PUBDVAdw/YcvCFB7LWvr/kGEX+k="></latexit>

S
<latexit sha1_base64="lTvLN/LQpJsWblZK1xNqpAp924k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuiy4MZlRVsLTSiT6U07dDIJMxOhhGz8FTcuFHHrZ7jzb5ykWWjrgYHDOfc1J0g4U9pxvq3ayura+kZ9s7G1vbO7Z+8f9FScSgpdGvNY9gOigDMBXc00h34igUQBh4dgel34D48gFYvFvZ4l4EdkLFjIKNFGGtpHXkT0hBKeeeWwLOAp5Hf50G46LacEXiZuRZqoQmdof3mjmKYRCE05UWrgOon2MyI1oxzyhpcqSAidkjEMDBUkAuVn5c4cnxplhMNYmic0LtXfHRmJlJpFgakszlWLXiH+5w1SHV75GRNJqkHQ+aIw5VjHuEgDj5gEqvnMEEIlM7diOiGSUG0ya5gQ3MUvL5Peect1Wu7tRbPtVHHU0TE6QWfIRZeojW5QB3URRTl6Rq/ozXqyXqx362NeWrOqnkP0B9bnD8pjlxs=</latexit><latexit sha1_base64="lTvLN/LQpJsWblZK1xNqpAp924k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuiy4MZlRVsLTSiT6U07dDIJMxOhhGz8FTcuFHHrZ7jzb5ykWWjrgYHDOfc1J0g4U9pxvq3ayura+kZ9s7G1vbO7Z+8f9FScSgpdGvNY9gOigDMBXc00h34igUQBh4dgel34D48gFYvFvZ4l4EdkLFjIKNFGGtpHXkT0hBKeeeWwLOAp5Hf50G46LacEXiZuRZqoQmdof3mjmKYRCE05UWrgOon2MyI1oxzyhpcqSAidkjEMDBUkAuVn5c4cnxplhMNYmic0LtXfHRmJlJpFgakszlWLXiH+5w1SHV75GRNJqkHQ+aIw5VjHuEgDj5gEqvnMEEIlM7diOiGSUG0ya5gQ3MUvL5Peect1Wu7tRbPtVHHU0TE6QWfIRZeojW5QB3URRTl6Rq/ozXqyXqx362NeWrOqnkP0B9bnD8pjlxs=</latexit><latexit sha1_base64="lTvLN/LQpJsWblZK1xNqpAp924k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuiy4MZlRVsLTSiT6U07dDIJMxOhhGz8FTcuFHHrZ7jzb5ykWWjrgYHDOfc1J0g4U9pxvq3ayura+kZ9s7G1vbO7Z+8f9FScSgpdGvNY9gOigDMBXc00h34igUQBh4dgel34D48gFYvFvZ4l4EdkLFjIKNFGGtpHXkT0hBKeeeWwLOAp5Hf50G46LacEXiZuRZqoQmdof3mjmKYRCE05UWrgOon2MyI1oxzyhpcqSAidkjEMDBUkAuVn5c4cnxplhMNYmic0LtXfHRmJlJpFgakszlWLXiH+5w1SHV75GRNJqkHQ+aIw5VjHuEgDj5gEqvnMEEIlM7diOiGSUG0ya5gQ3MUvL5Peect1Wu7tRbPtVHHU0TE6QWfIRZeojW5QB3URRTl6Rq/ozXqyXqx362NeWrOqnkP0B9bnD8pjlxs=</latexit><latexit sha1_base64="lTvLN/LQpJsWblZK1xNqpAp924k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuiy4MZlRVsLTSiT6U07dDIJMxOhhGz8FTcuFHHrZ7jzb5ykWWjrgYHDOfc1J0g4U9pxvq3ayura+kZ9s7G1vbO7Z+8f9FScSgpdGvNY9gOigDMBXc00h34igUQBh4dgel34D48gFYvFvZ4l4EdkLFjIKNFGGtpHXkT0hBKeeeWwLOAp5Hf50G46LacEXiZuRZqoQmdof3mjmKYRCE05UWrgOon2MyI1oxzyhpcqSAidkjEMDBUkAuVn5c4cnxplhMNYmic0LtXfHRmJlJpFgakszlWLXiH+5w1SHV75GRNJqkHQ+aIw5VjHuEgDj5gEqvnMEEIlM7diOiGSUG0ya5gQ3MUvL5Peect1Wu7tRbPtVHHU0TE6QWfIRZeojW5QB3URRTl6Rq/ozXqyXqx362NeWrOqnkP0B9bnD8pjlxs=</latexit>

S
<latexit sha1_base64="lTvLN/LQpJsWblZK1xNqpAp924k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuiy4MZlRVsLTSiT6U07dDIJMxOhhGz8FTcuFHHrZ7jzb5ykWWjrgYHDOfc1J0g4U9pxvq3ayura+kZ9s7G1vbO7Z+8f9FScSgpdGvNY9gOigDMBXc00h34igUQBh4dgel34D48gFYvFvZ4l4EdkLFjIKNFGGtpHXkT0hBKeeeWwLOAp5Hf50G46LacEXiZuRZqoQmdof3mjmKYRCE05UWrgOon2MyI1oxzyhpcqSAidkjEMDBUkAuVn5c4cnxplhMNYmic0LtXfHRmJlJpFgakszlWLXiH+5w1SHV75GRNJqkHQ+aIw5VjHuEgDj5gEqvnMEEIlM7diOiGSUG0ya5gQ3MUvL5Peect1Wu7tRbPtVHHU0TE6QWfIRZeojW5QB3URRTl6Rq/ozXqyXqx362NeWrOqnkP0B9bnD8pjlxs=</latexit><latexit sha1_base64="lTvLN/LQpJsWblZK1xNqpAp924k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuiy4MZlRVsLTSiT6U07dDIJMxOhhGz8FTcuFHHrZ7jzb5ykWWjrgYHDOfc1J0g4U9pxvq3ayura+kZ9s7G1vbO7Z+8f9FScSgpdGvNY9gOigDMBXc00h34igUQBh4dgel34D48gFYvFvZ4l4EdkLFjIKNFGGtpHXkT0hBKeeeWwLOAp5Hf50G46LacEXiZuRZqoQmdof3mjmKYRCE05UWrgOon2MyI1oxzyhpcqSAidkjEMDBUkAuVn5c4cnxplhMNYmic0LtXfHRmJlJpFgakszlWLXiH+5w1SHV75GRNJqkHQ+aIw5VjHuEgDj5gEqvnMEEIlM7diOiGSUG0ya5gQ3MUvL5Peect1Wu7tRbPtVHHU0TE6QWfIRZeojW5QB3URRTl6Rq/ozXqyXqx362NeWrOqnkP0B9bnD8pjlxs=</latexit><latexit sha1_base64="lTvLN/LQpJsWblZK1xNqpAp924k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuiy4MZlRVsLTSiT6U07dDIJMxOhhGz8FTcuFHHrZ7jzb5ykWWjrgYHDOfc1J0g4U9pxvq3ayura+kZ9s7G1vbO7Z+8f9FScSgpdGvNY9gOigDMBXc00h34igUQBh4dgel34D48gFYvFvZ4l4EdkLFjIKNFGGtpHXkT0hBKeeeWwLOAp5Hf50G46LacEXiZuRZqoQmdof3mjmKYRCE05UWrgOon2MyI1oxzyhpcqSAidkjEMDBUkAuVn5c4cnxplhMNYmic0LtXfHRmJlJpFgakszlWLXiH+5w1SHV75GRNJqkHQ+aIw5VjHuEgDj5gEqvnMEEIlM7diOiGSUG0ya5gQ3MUvL5Peect1Wu7tRbPtVHHU0TE6QWfIRZeojW5QB3URRTl6Rq/ozXqyXqx362NeWrOqnkP0B9bnD8pjlxs=</latexit><latexit sha1_base64="lTvLN/LQpJsWblZK1xNqpAp924k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuiy4MZlRVsLTSiT6U07dDIJMxOhhGz8FTcuFHHrZ7jzb5ykWWjrgYHDOfc1J0g4U9pxvq3ayura+kZ9s7G1vbO7Z+8f9FScSgpdGvNY9gOigDMBXc00h34igUQBh4dgel34D48gFYvFvZ4l4EdkLFjIKNFGGtpHXkT0hBKeeeWwLOAp5Hf50G46LacEXiZuRZqoQmdof3mjmKYRCE05UWrgOon2MyI1oxzyhpcqSAidkjEMDBUkAuVn5c4cnxplhMNYmic0LtXfHRmJlJpFgakszlWLXiH+5w1SHV75GRNJqkHQ+aIw5VjHuEgDj5gEqvnMEEIlM7diOiGSUG0ya5gQ3MUvL5Peect1Wu7tRbPtVHHU0TE6QWfIRZeojW5QB3URRTl6Rq/ozXqyXqx362NeWrOqnkP0B9bnD8pjlxs=</latexit>
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Spotlight	Example:	Incomplete	Sparse	Factorizations

We	are	looking	for	a	factorization-based	preconditioner	such	that	 																			.	
is	a	good	approximation	with	moderate	nonzero	count	(e.g.																																													).

• Where	should	these	nonzero	elements	be	located?
• How	can	we	compute	the	preconditioner	 in	a	highly	parallel	fashion?

Rethink	the	overall	strategy!

• Use	a	parallel	iterative	process	to	generate	factors.

• The	preconditioner	should	have	a	moderate	number	of	nonzero	elements,
but	we	don’t	care	too	much	about	 intermediate	data.

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	in	those	 locations	such	that	 																				is	a	“good”	approximation.

3. Maybe	change	some	locations	in	favor	of	locations	that	result	 in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

nnz(L+ U) = nnz(A)
A ⇡ L · U
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Spotlight	Example:	Incomplete	Sparse	Factorizations

We	are	looking	for	a	factorization-based	preconditioner	such	that	 																			.	
is	a	good	approximation	with	moderate	nonzero	count	(e.g.																																													).

• Where	should	these	nonzero	elements	be	located?
• How	can	we	compute	the	preconditioner	 in	a	highly	parallel	fashion?

nnz(L+ U) = nnz(A)
A ⇡ L · U

0
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Rethink	the	overall	strategy!

• Use	a	parallel	iterative	process	to	generate	factors.

• The	preconditioner	should	have	a	moderate	number	of	nonzero	elements,
but	we	don’t	care	too	much	about	 intermediate	data.

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	in	those	 locations	such	that	 																				is	a	“good”	approximation.

3. Maybe	change	some	locations	in	favor	of	locations	that	result	 in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	does	no	longer	 improve	for	the	nonzero	count.

A ⇡ L · U
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• This	is	an	optimization	problem…

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	 in	those	locations	such	that					

is	a	“good”	 approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A ⇡ L · U
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ILU	residual

Considerations

AR = L U⇥-



44 10/02/2019Hartwig Anzt:	Algorithm	Design	in	the	Advent	of	Exascale Computing

• This	is	an	optimization	problem…

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	 in	those	locations	such	that					

is	a	“good”	 approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A ⇡ L · U
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Considerations

AR = L U⇥-ILU	residual
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• This	is	an	optimization	problem…

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	 in	those	locations	such	that					

is	a	“good”	 approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A ⇡ L · U
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Considerations

AR = L U⇥-ILU	residual
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• This	is	an	optimization	problem…

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	 in	those	locations	such	that					

is	a	“good”	 approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A ⇡ L · U

0

BBBBBB@

? ? ? ? ?
? ? ? ? ? ?
? ? ? ? ? ?
? ? ? ? ?

? ? ? ?
? ? ? ? ? ?

1

CCCCCCA

0

BBBBBB@

? ? ? ? ?
? ? ? ? ?
? ? ?
? ?

? ? ?
? ? ? ?

1

CCCCCCA
�

0

BBBBBB@

?
? ?
? ? ?
? ?

? ?
? ? ? ?

1

CCCCCCA
⇥

0

BBBBBB@

? ? ? ? ?
? ? ? ?

?
?

? ?
?

1

CCCCCCA

Considerations

AR = L U⇥-ILU	residual



47 10/02/2019Hartwig Anzt:	Algorithm	Design	in	the	Advent	of	Exascale Computing

• This	is	an	optimization	problem…

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	 in	those	locations	such	that					

is	a	“good”	 approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A ⇡ L · U
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Considerations

AR = L U⇥-ILU	residual
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1. Select	a	set	of	nonzero	 locations.
2. Compute	values	 in	those	locations	such	that					

is	a	“good”	 approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A ⇡ L · U

nnz(A� L · U)
nnz(L+ U)

• This	is	an	optimization	problem	with																															equations
and																									variables.
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Considerations
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1. Select	a	set	of	nonzero	 locations.
2. Compute	values	 in	those	locations	such	that					

is	a	“good”	 approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A ⇡ L · U

• This	is	an	optimization	problem	with																															equations	
and																									variables.

• We	may	want	to	compute	the	values	in										such	that																																										,
the	approximation	being	exact	in	the	 locations	included	in				,	but	not	outside!

L,U
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S
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SSparsity	pattern

Considerations
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1. Select	a	set	of	nonzero	 locations.
2. Compute	values	 in	those	locations	such	that					

is	a	“good”	 approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A ⇡ L · U

• This	is	an	optimization	problem	with																															equations	
and																									variables.

• We	may	want	to	compute	the	values	in										such	that																																										,
the	approximation	being	exact	in	the	 locations	included	in				,	but	not	outside!

• This	is	the	underlying	idea	of	Edmond	Chow’s	parallel	ILU	algorithm1:	

L,U

1Chow	and	Patel.	“Fine-grained	Parallel	Incomplete	LU	Factorization”. In:	SIAM	J.	on	Sci.	Comp.	(2015).

R = A� L · U = 0|S
S
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L · U = A|S ) F (lij , uij) =
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⌘
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k=1 likukj , i  j

Considerations
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1. Select	a	set	of	nonzero	 locations.
2. Compute	values	 in	those	locations	such	that					

is	a	“good”	 approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A ⇡ L · U

• This	is	an	optimization	problem	with																															equations	
and																									variables.

• We	may	want	to	compute	the	values	in										such	that																																										,
the	approximation	being	exact	in	the	 locations	included	in				,	but	not	outside!

• This	is	the	underlying	idea	of	Edmond	Chow’s	parallel	ILU	algorithm1:	

• Converges	in	the	asymptotic	sense	towards	 incomplete	factors	
such	that	

L,U

1Chow	and	Patel.	“Fine-grained	Parallel	Incomplete	LU	Factorization”. In:	SIAM	J.	on	Sci.	Comp.	(2015).

R = A� L · U = 0|S
S

nnz(A� L · U)
nnz(L+ U)

R = A� L · U = 0|S
L,U

L · U = A|S ) F (lij , uij) =
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Considerations
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1. Select	a	set	of	nonzero	 locations.
2. Compute	values	 in	those	locations	such	that					

is	a	“good”	 approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A ⇡ L · U

• This	is	an	optimization	problem	with																															equations	
and																									variables.

• We	may	want	to	compute	the	values	in										such	that																																										,
the	approximation	being	exact	in	the	 locations	included	in				,	but	not	outside!

• This	is	the	underlying	idea	of	Edmond	Chow’s	parallel	ILU	algorithm1:	

• Converges	in	the	asymptotic	sense	towards	 incomplete	factors	
such	that	

L,U R = A� L · U = 0|S
S

nnz(A� L · U)
nnz(L+ U)

R = A� L · U = 0|S
L,U

L · U = A|S ) F (lij , uij) =

(
1

ujj

⇣
aij �

Pj�1
k=1 likukj

⌘
, i > j

aij �
Pi�1

k=1 likukj , i  j

ParILU Algorithm

• Fixed-Point	based	algorithm	for	
computing	ILU;

• Fine-grained	parallelism	and	
asynchronous	 execution;

• Faster	than	Level-Scheduling
• Outperforms	NVIDIA’s	cuSPARSE ILU

Chow,	Anzt,	Dongarra,	ISC	2015

Considerations

1Chow	and	Patel.	“Fine-grained	Parallel	Incomplete	LU	Factorization”. In:	SIAM	J.	on	Sci.	Comp.	(2015).
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1. Select	a	set	of	nonzero	 locations.
2. Compute	values	 in	those	locations	such	that					

is	a	“good”	 approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A ⇡ L · U

• This	is	an	optimization	problem	with																															equations	
and																									variables.

• We	may	want	to	compute	the	values	in										such	that																																										,
the	approximation	being	exact	in	the	 locations	included	in				,	but	not	outside!

• This	is	the	underlying	idea	of	Edmond	Chow’s	parallel	ILU	algorithm1:	

• We	may	not	need	high	accuracy	here,	
because	we	may	change	the	pattern	again…			One	single	fixed-point	sweep.

L,U R = A� L · U = 0|S
S

nnz(A� L · U)
nnz(L+ U)

1Chow	and	Patel.	“Fine-grained	Parallel	Incomplete	LU	Factorization”. In:	SIAM	J.	on	Sci.	Comp.	(2015).
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Considerations
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1. Select	a	set	of	nonzero	 locations.
2. Compute	values	in	those	 locations	such	that	 				

is	a	“good”	approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A ⇡ L · U

• Maybe	use	the	ILU	residual	norm	as	quality	metric.
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Considerations
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AR = L U⇥-ILU	residual
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A ⇡ L · U

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	in	those	 locations	such	that	 				

is	a	“good”	approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A• The	sparsity	pattern	of					might	be	a	good	initial	start	for	nonzero	 locations.

Considerations
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A ⇡ L · U

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	in	those	 locations	such	that	 				

is	a	“good”	approximation.
3. Maybe	change	some	locations	 in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A

1Saad.	“Iterative	Methods	for	Sparse	Linear	Systems,	2nd Edition”. (2003).

• The	sparsity	pattern	of					might	be	a	good	initial	start	for	nonzero	 locations.
• Then,	the	approximation	will	be	exact	for	all	locations

and	nonzero	 in	locations																																																																																1.	S1 = (S(A) [ S(L0 · U0)) \ S(L0 + U0)
S0 = S(L0 + U0)

0

BBBBBB@

? ? ? ? ?
? ? ? ? ?
? ? ?
? ?

? ? ?
? ? ? ?

1

CCCCCCA
�

0

BBBBBB@

?
? ?
? ? ?
? ?

? ?
? ? ? ?

1

CCCCCCA
⇥

0

BBBBBB@

? ? ? ? ?
? ? ? ?

?
?

? ?
?

1

CCCCCCA
=

0

BBBBBB@

? ? ? ? ?
? ? ? ? ? ?
? ? ? ? ? ?
? ? ? ? ?

? ? ? ?
? ? ? ? ? ?

1

CCCCCCA

Considerations



57 10/02/2019Hartwig Anzt:	Algorithm	Design	in	the	Advent	of	Exascale Computing

0

BBBBBB@

? ? ? ? ?
? ? ? ? ?
? ? ?
? ?

? ? ?
? ? ? ?

1

CCCCCCA
�

0

BBBBBB@

?
? ?
? ? ?
? ? ? ?

? ? ?
? ? ? ? ? ?

1

CCCCCCA
⇥

0

BBBBBB@

? ? ? ? ?
? ? ? ? ?

? ? ? ?
? ?

? ?
?

1

CCCCCCA
=

0

BBBBBB@

? ? ? ? ? ?
? ? ? ? ? ?
? ? ? ? ? ?
? ? ? ? ? ?
? ? ? ? ? ?
? ? ? ? ? ?

1

CCCCCCA

A ⇡ L · U

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	in	those	 locations	such	that	 				

is	a	“good”	approximation.
3. Maybe	change	some	locations	 in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A

S1 = (S(A) [ S(L0 · U0)) \ S(L0 + U0)

• The	sparsity	pattern	of					might	be	a	good	initial	start	for	nonzero	 locations.
• Then,	the	approximation	will	be	exact	for	all	locations

and	nonzero	 in	locations																																																																																1.	

• Adding	all	these	locations	(level-fill!)	might	be	good	idea…

S0 = S(L0 + U0)

Considerations
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A ⇡ L · U

A

S1 = (S(A) [ S(L0 · U0)) \ S(L0 + U0)

• The	sparsity	pattern	of					might	be	a	good	initial	start	for	nonzero	 locations.
• Then,	the	approximation	will	be	exact	for	all	locations

and	nonzero	 in	locations																																																																																1.	

• Adding	all	these	locations	(level-fill!)	might	be	good	idea, but	adding	these	
will	again	generate	new	nonzero	residuals

S0 = S(L0 + U0)

S2 = (S(A) [ S(L1 · U1)) \ S(L1 + U1)
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1. Select	a	set	of	nonzero	 locations.
2. Compute	values	in	those	 locations	such	that	 				

is	a	“good”	approximation.
3. Maybe	change	some	locations	 in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

Considerations
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Considerations

A ⇡ L · U

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	in	those	 locations	such	that	 				

is	a	“good”	approximation.
3. Maybe	change	some	locations	 in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

• At	some	point	we	should	remove	some	locations	again,	e.g.	the	smallest	elements,
and	start	over	looking	at	locations																																	…R = A� Lk · Uk
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Interleaving	fixed-point	sweeps	approximating	values	
with	pattern-changing	symbolic	routines.

ParILUT Algorithm
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ParILUTQuality

• Top-level	solver	iterations	as	quality	metric.
• Few	sweeps	give	a	“better”	preconditioner	than	ILU(0).
• Better	than	conventional	ILUT?
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ParILUTQuality
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• Top-level	solver	iterations	as	quality	metric.
• Few	sweeps	give	a	“better”	preconditioner	than	ILU(0).
• Better	than	conventional	ILUT?
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ParILUTQuality

• Top-level	solver	iterations	as	quality	metric.
• Few	sweeps	give	a	“better”	preconditioner	than	ILU(0).
• Better	than	conventional	ILUT?
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ParICT

• Pattern	converges	after	few	sweeps.
• Pattern	“more	like”	ILUT	than	ILU(0).
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ParILUT Scalability
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thermal2matrix	from	SuiteSparse,	RCM	ordering,	8	el/row.

Intel	Xeon Phi 7250	“Knights Landing”
68	cores	@1.40	GHz,	
16GB	MCDRAM	@490	GB/s

• Building	blocks	scale	with	15%	- 100%	parallel	efficiency.
• Transposition	and	sort	are	the	bottlenecks.
• Overall	speedup	~35x	when	using	68	KNL	cores.
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Intel	Xeon Phi 7250	“Knights Landing”
68	cores	@1.40	GHz,	
16GB	MCDRAM	@490	GB/s

ParILUT Scalability
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topopt120matrix	from	topology	optimization,	67	el/row.

• Building	blocks	scale	with	15%	- 100%	parallel	efficiency.
• Dominated	by	candidate	search.
• Overall	speedup	~52x	when	using	68	KNL	cores.
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ParILUT Performance	across	Manycore architectures
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We	compare	against	ILUT	in	SuperLU from	LBNL	– and	thank	Sherry	Li	for	help	and	support	 in	doing	this	comparison.
The	SuperLU ILUT	is	a	sequential	implementation	– ParILUT is	the	first	parallel	ILUT	algorithm.	

1Chow	et	al.	“Asynchronous	 Iterative	Algorithm	for	Computing	 Incomplete	Factorizations	on	GPUs”.	In	ISC	2015.
2Anzt	et	al.	“ParILUT – A	new	parallel	threshold	 ILU”. In:	SIAM	Journal	on	Scientific	Comp.	 (2018).
3Ribizel	et	al.	“Approximate	and	Exact	Selection	on	GPUs”.	In	AsHES workshop,	2019.
4Anzt	et	al.	“ParILUT – A	parallel	threshold	 ILU	for	GPUs”.	In	IPDPS	conference,	2019.	

Bibliography:
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Dense	Matrix	Operations?

• The	inter-node	communication	is	the	limiting	resource;

• Each	node	has	more	computational	power	than	what	we	can	leverage;

Sparse	/	Graph	Problems?

• Sparse	Matrix	Vector	Product	(SpMV)	is	a	central	building	block;

• For	many	of	the	problems	in	the	SuiteSparse Matrix	Collection1,	

a	Multi-node	SpMV is	slower	than	a	Single-node	SpMV;

• The	inter-node	communication	is	an	order	of	magnitude	slower	

than	the	 local	computations.

• Node:	2	IBM	POWER9	+	6	NVIDIA	V100	GPUs
• 4,608	nodes,	9,216	IBM	Power9	CPUs
• 27,648	V100	GPUs
• Peak	performance	of	200	Pflop/s	for	modeling	

&	simulation
• Peak	performance	of	3.3	Eflop/s	

for	16	bit	floating	point	used	in	data	
analytics	and	artificial	intelligence	

(8	TFLOPs	/	GPU)

(10^18)

The	Manycore Challenge
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• Algorithms	need	fine-grained	parallelism

-- thousands	 of	SIMT	threads!

• Global	synchronizations are	killing	performance;

• Runtime	scheduling	of	thread	blocks	virtually	impossible;

• Memory	access	pattern	central	(coalesced	data	access);

• Asynchronous	 algorithms	needed;

• Reformulation	as	fixed-point	iteration;

Reformulate	algorithms	as	element-parallel	fixed-point	Iterations	

Copyright@ORNL
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The	Software	Challenge

• Software	is	an	central	component	in	Exascale Computing!

• We	should	 focus	more	on	sustainable	software	than	on	hardware	development.

• Software	often	lives	longer	 than	a	HPC	system.

• Close	collaboration	with	hardware	developers	and	Universities	is	key	to	prepare	for	future	hardware!

• We	still	lack	the	acceptance	of	scientific	software	engineers!

• The	standard	perception	 is:	we	buy	new	hardware,	your	core	runs	 faster….

• We	need	 the	academic	acceptance	of	scientific	software	engineers!

• We	are	running	an	inefficient,	publication-driven	system	ignoring	the	importance	of	production	code!
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Creating	a	Sustainable	HPC	Landscape

• An	article	describing	a	new	algorithm	/	implementation	
outperforming	existing	solutions.

• Performance	benchmarks	on	high-end	HPC	resources	
(not	even	archived)

• Internal	prototype	code	(not	publicly	accessible)

The	Typical	Publication	in	HPC	Conferences	/	Journals

How	does	the	community	benefit	from	reading	this?
+				New	ideas	presented;
+				Performance	evaluations	presented;
- Performance	evaluations	are	typically	“selective”;
- Users	/	Application	Scientists	need	to	re-implement	code;
- Difficult	if	few	details	are	provided;
- Not	integrated	into	community	packages;
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Creating	a	Sustainable	HPC	Landscape

• An	article	describing	a	new	algorithm	/	implementation	
outperforming	existing	solutions.

• Performance	benchmarks	on	high-end	HPC	resources	
(not	even	archived)

• Internal	prototype	code	(not	publicly	accessible)

The	Typical	Publication	in	HPC	Conferences	/	Journals

• are	the	powertrain behind	many	scientific	simulation	codes;
• often	fall	short in	providing	production-ready	implementations

of	novel	algorithms;
• often	accept	merge	requests	that	lack	comprehensive	

documentation	and	rigorous	performance	assessment;

Established	community	software	packages

How	does	the	community	benefit	from	reading	this?
+				New	ideas	presented;
+				Performance	evaluations	presented;
- Performance	evaluations	are	typically	“selective”;
- Users	/	Application	Scientists	need	to	re-implement	code;
- Difficult	if	few	details	are	provided;
- Not	integrated	into	community	packages;
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Creating	a	Sustainable	HPC	Landscape

How	does	the	community	benefit	from	reading	this?
+				New	ideas	presented;
+				Performance	evaluations	presented;
- Performance	evaluations	are	typically	“selective”;
- Users	/	Application	Scientists	need	to	re-implement	code;
- Difficult	if	few	details	are	provided;
- Not	integrated	into	community	packages;

In	a	perfect	world,	new	algorithms,	
implementations	&	performance	results	are
• fully	reproducible;
• publicly	accessible;
• ready	to	be	used	by	the	community	/	domain	scientists;
• integrated	into	community	packages;

• An	article	describing	a	new	algorithm	/	implementation	
outperforming	existing	solutions.

• Performance	benchmarks	on	high-end	HPC	resources	
(not	even	archived)

• Internal	prototype	code	(not	publicly	accessible)

The	Typical	Publication	in	HPC	Conferences	/	Journals

• are	the	powertrain behind	many	scientific	simulation	codes;
• often	fall	short in	providing	production-ready	implementations

of	novel	algorithms;
• often	accept	merge	requests	that	lack	comprehensive	

documentation	and	rigorous	performance	assessment;

Established	community	software	packages
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Creating	a	Sustainable	HPC	Landscape

In	a	perfect	world,	new	algorithms,	
implementations	&	performance	results	are
• fully	reproducible;
• publicly	accessible;
• ready	to	be	used	by	the	community	/	domain	scientists;
• integrated	into	community	packages;

Why	are	we	not	changing	 the	system?

• ;								

• Little	academic	reward	for	sustainable	software	development;

• Promotion	and	appointability based	on	scientific	papers;

• An	article	describing	a	new	algorithm	/	implementation	
outperforming	existing	solutions.

• Performance	benchmarks	on	high-end	HPC	resources	
(not	even	archived)

• Internal	prototype	code	(not	publicly	accessible)

Status	Quo	Extremely	 inefficient	and	unsatisfying!

The	Typical	Publication	in	HPC	Conferences	/	Journals

• are	the	powertrain behind	many	scientific	simulation	codes;
• often	fall	short in	providing	production-ready	implementations

of	novel	algorithms;
• often	accept	merge	requests	that	lack	comprehensive	

documentation	and	rigorous	performance	assessment;

Established	community	software	packages

e↵ort( Prototype Code ) << e↵ort( Production Code )
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How	does	the	community	benefit	from	reading	this?
+				New	ideas	presented;
+				Performance	evaluations	presented;
- Performance	evaluations	are	typically	“selective”;
- Users	/	Application	Scientists	need	to	re-implement	code;
- Difficult	if	few	details	are	provided;
- Not	integrated	into	community	packages;
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My	Efforts	towards	a	Sustainable	HPC	Landscape

• Promote	Sustainable	Algorithm	and	Software	Development	(PASC	2019)
www.bit.ly/ContinuousBenchmarking

• Address	the	Challenges of	Academic	SoftwareDevelopment	(BSSwBlog	Article)
www.bit.ly/AcademicResearchSoftware

• Argue	for	accepting	Software	Patches	as	Full	Conference	Contributions	(PDSEC	2019)
www.bit.ly/AreWeDoingTheRightThing

• Welcome	Software	Patches	as	Conference	Contributions	at	
Workshop	on	Scalable	Data	Analytics	in	Scientific	Computing	(SDASC	2020)	in	conjunction	with	ISC’20	in	Frankfurt

2.	Community	Engagement:	
Changing	the	Culture	of	Academic	Software	Development
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Core	Concept:	Separate	Algorithm	from	Kernels

Library Infrastructure
Algorithm Implementations
• Iterative Solvers
• Preconditioners
• …

Core

• Accessor
• SpMV
• Solver kernels
• Precond kernels
• …

Library core contains architecture-agnostic 
algorithm implementation;

Architecture-specific kernels execute the
algorithm on target architecture;

Kernels
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of algorithm design and 
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My	Efforts	towards	a	Sustainable	HPC	Landscape
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My	Efforts	towards	a	Sustainable	HPC	Landscape

• Promote	Sustainable	Algorithm	and	Software	Development	(PASC	2019)
www.bit.ly/ContinuousBenchmarking

• Address	the	Challenges of	Academic	SoftwareDevelopment	(BSSwBlog	Article)
www.bit.ly/AcademicResearchSoftware

• Argue	for	accepting	Software	Patches	as	Full	Conference	Contributions	(PDSEC	2019)
www.bit.ly/AreWeDoingTheRightThing

2.	Community	Engagement:	
Changing	the	Culture	of	Academic	Software	Development

CI	Test

Master	Branch

Continuous	Integration	(CI)

Developers

Code	Review
CI	Build

Push

Core	Development	
Team

Users

Merge	 into
Master	Branch

Provide	
Feedback

Source	Code
Repository

1.	Sustainable	Software	Development	in	the	HYIG	FiNE

• C++	library	for	Sparse	Linear	Algebra
• Following	 the	SOLID	design	principle
• Focus	on	Multi- and	

Manycore Technology
• Latest	algorithm	developments



83 10/02/2019Hartwig Anzt:	Algorithm	Design	in	the	Advent	of	Exascale Computing

CI	Test

Master	Branch

Continuous	Integration	(CI)
Developers

Code	Review
CI	BuildSource	Code

Repository
Push

Core	Development	Team

Users

Merge	into
Master	Branch

A	Healthy	Software	Development	Cycle
Provide	
Feedback



84 10/02/2019Hartwig Anzt:	Algorithm	Design	in	the	Advent	of	Exascale Computing

Software	Patches

• Software	patches	usually	submitted	as	merge-/	
push- request	in	the	software	versioning	system	(e.g.	Git).

• The	patches	are	accompanied	by	detailed	documentation	
explaining	code	functionality	and	feature	usage.
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push- request	in	the	software	versioning	system	(e.g.	Git).

• The	patches	are	accompanied	by	detailed	documentation	
explaining	code	functionality	and	feature	usage.

• The	community	can	comment	and	review	the	code.



86 10/02/2019Hartwig Anzt:	Algorithm	Design	in	the	Advent	of	Exascale Computing

Software	Patches
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explaining	code	functionality	and	feature	usage.
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• The	submitter	can	attach	a	performance	analysis	to	the
software	patch.
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Software	Patches

• Software	patches	usually	submitted	as	merge-/	
push- request	in	the	software	versioning	system	(e.g.	Git).

• The	patches	are	accompanied	by	detailed	documentation	
explaining	code	functionality	and	feature	usage.

• The	community	can	comment	and	review	the	code.

• The	submitter	can	attach	a	performance	analysis	to	the
software	patch.

• Software	patches	can	either	add	new	functionality…
...	or	change	/	enhance	existing	code.
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Software	Patches	as	Conference	Contribution

ü Full	reproducibility	and	traceability is	ensured;

ü Not	only	reviewers	but	the	complete	community	can	track	the	software	patch;

ü The	versioning	systems	helps	to	 identify	the	main	contributors	of	a	software	contribution,	ensuring	full	recognition;

ü The	versioning	systems	also	links	to	the	right	person	in	case	of	technical	questions;

ü Novel	algorithms	and	hardware-optimized	implementations	are	quickly	integrated	into	community	packages;

ü The	code	quality	is	increased	as	the	community	can	comment	on	the	patches;

ü Software	patches	as	conference	contributions	naturally	imply	an	extremely	high	level	of	code	documentation;

ü Presenting	patches	at	a	conference	makes	the	whole	community	aware	of	a	new	feature;

ü Domain	scientists	can	directly	interact	with	software	developers;
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Software	Patches	as	Conference	Contribution

Envisioned	Workflow:

1. The	algorithm/implementation	developer	submits	a	software	patch	to	a	community	package	with
• detailed	description	of	the	functionality	and	code	documentation;
• comprehensive	performance	assessment;
• mark	the	patch	for	a	conference	contribution;

2. The	core	development	team	and	the	community
• comments on	the	algorithm,	the	implementation,	and	the	performance;
• reviews and	ultimately	merges	the	patch;

3. The	developer	submits	the	patch	as	a	conference	contribution
• linking to	all	documentation,	performance	results,	and	comments;
• acknowledging	significant	comments from	community;
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Software	Patches	as	Conference	Contribution

Envisioned	Workflow:

1. The	algorithm/implementation	developer	submits	a	software	patch	to	a	community	package	with
• detailed	description	of	the	functionality	and	code	documentation;
• comprehensive	performance	assessment;
• mark	the	patch	for	a	conference	contribution;

2. The	core	development	team	and	the	community
• comments on	the	algorithm,	the	implementation,	and	the	performance;
• reviews and	ultimately	merges	the	patch;

3. The	developer	submits	the	patch	as	a	conference	contribution
• linking to	all	documentation,	performance	results,	and	comments;
• acknowledging	significant	comments from	community;

4. The	conference	committee	/	external	reviewers	do	a	“light”	review	of	functionality,	documentation,	performance.

5. If	accepted,	the	conference	contribution	is	presented	along	with	a	user	tutorial	or	application	examples;

6. The	submission	 is	as	a	regular	paper	included	in	the	conference	proceedings
• potentially	featuring	a	shorter	general	introduction;
• including	the	algorithm	description	and	performance	assessment;

potentially	including	code	segments,	digital	artifacts,	or	a	link	to	the	merge	request;
• listing	all	(significant)	code	reviewers	/		commenters;
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Customized	Precision	Data	Access	Routines	

Customized	Precision	
Basic	Data	Objects	

Customized	Precision	
Numerical	Linear	Algebra

Customized	Precision	
Big	Data	Analytics

Customized	Precision	
Machine	Learning

Value	Clustering
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Customized	Precision	Format

Summary	and	next	steps

• Decouple	arithmetic	precision	from	memory	precision.

• Using	customized	precisions	for	memory	operations.

• Speedup	 of	up	to	1.3x for	adaptive	precision	

block-Jacobi	preconditioning.

• Creating	a	Modular	Precision	Ecosystem	

inside																																					.	
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https://github.com/ginkgo-project/ginkgo

This research was supported by the Exascale Computing Project (17-SC-20-SC), a collaborative effort of the U.S. Department of Energy
Office of Science and the National Nuclear Security Administration and the Helmholtz Impuls und VernetzungsfondVH-NG-1241.
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Parallelism	inside	the	blocks:	Fixed-point	sweeps

Fixed-point	sweeps	approximate	values	in	ILU	factors	and	residual1:

• Inherently	parallel	operation.
• Elements	can	be	updated	asynchronously.

• We	can	expect	100%	parallel	efficiency	if	
number	of	cores	<	number	of	elements

• Residual	norm	is	a	global	reduction.

bilinear	fixed-point	iteration	can	be	parallelized	by	elements	

F (lij , uij) =

(
1

ujj

⇣
aij �

Pj�1
k=1 likukj

⌘
, i > j

aij �
Pi�1

k=1 likukj , i  j

1Chow	et	al.	“Asynchronous	Iterative	Algorithm	for	Computing	Incomplete	Factorizations	on	GPUs”.	In	ISC	2015.
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ParILUT :	Parallelism	inside	the	blocks

Interleaving	fixed-point	sweeps	approximating	values	
with	pattern-changing	symbolic	routines.

1Chow	et	al.	“Asynchronous	Iterative	Algorithm	for	Computing	Incomplete	Factorizations	on	GPUs”.	In	ISC	2015.
2Anzt	et	al.	“ParILUT–A	new	parallel	threshold	ILU”. In:	SIAM	J.	on	Sci.	Comp.	(2018).

Parallelism	inside	the	building	blocks:

• Fixed-Point	Sweeps1

• Residuals1

• Identify	Fill-In	Locations2

• Add	Locations2

• Remove	Locations2

• Select	Threshold	Separating	Smallest	Elements
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Parallel	Threshold	Selection	on	GPUs

http://bit.ly/SampleSelectGPU

Given	an	unsorted	 sequence	of	real	numbers		
,	we	want	to	find	the	

element								such	that	 in	the	sorted	sequence
x0, x1, x2, x3, . . . xn�1
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<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

the	element							is	located	in	position	 			.	xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

xi0  xi1  xi2  xi3  · · ·  xik  . . . xin�1
<latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

We	do	not	necessarily	need	to	sort	the	complete	sequence!

This	is	equivalent	to	the	Selection	Problem!

SampleSelect Algorithm

Tobias	Ribizel
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Parallel	Threshold	Selection	on	GPUs

http://bit.ly/SampleSelectGPU

Given	an	unsorted	 sequence	of	real	numbers		
,	we	want	to	find	the	

element								such	that	 in	the	sorted	sequence
x0, x1, x2, x3, . . . xn�1

<latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

the	element							is	located	in	position	 			.	xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

xi0  xi1  xi2  xi3  · · ·  xik  . . . xin�1
<latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

We	do	not	necessarily	need	to	sort	the	complete	sequence!

This	is	equivalent	to	the	Selection	Problem!

Tobias	Ribizel



98 10/02/2019Hartwig Anzt:	Algorithm	Design	in	the	Advent	of	Exascale Computing

Parallel	Threshold	Selection	on	GPUs

http://bit.ly/SampleSelectGPU

Given	an	unsorted	 sequence	of	real	numbers		
,	we	want	to	find	the	

element								such	that	 in	the	sorted	sequence
x0, x1, x2, x3, . . . xn�1

<latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

the	element							is	located	in	position	 			.	xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

xi0  xi1  xi2  xi3  · · ·  xik  . . . xin�1
<latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

We	do	not	necessarily	need	to	sort	the	complete	sequence!

This	is	equivalent	to	the	Selection	Problem!

SampleSelect Algorithm

Tobias	Ribizel
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Parallel	Threshold	Selection	on	GPUs

http://bit.ly/SampleSelectGPU

Given	an	unsorted	 sequence	of	real	numbers		
,	we	want	to	find	the	

element								such	that	 in	the	sorted	sequence
x0, x1, x2, x3, . . . xn�1

<latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

the	element							is	located	in	position	 			.	xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

xi0  xi1  xi2  xi3  · · ·  xik  . . . xin�1
<latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

We	do	not	necessarily	need	to	sort	the	complete	sequence!

This	is	equivalent	to	the	Selection	Problem!

SampleSelect Algorithm

Tobias	Ribizel

Splitters	separate	buckets
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Parallel	Threshold	Selection	on	GPUs

http://bit.ly/SampleSelectGPU

Given	an	unsorted	 sequence	of	real	numbers		
,	we	want	to	find	the	

element								such	that	 in	the	sorted	sequence
x0, x1, x2, x3, . . . xn�1

<latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

the	element							is	located	in	position	 			.	xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

xi0  xi1  xi2  xi3  · · ·  xik  . . . xin�1
<latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

We	do	not	necessarily	need	to	sort	the	complete	sequence!

This	is	equivalent	to	the	Selection	Problem!

SampleSelect Algorithm

Tobias	Ribizel
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Parallel	Threshold	Selection	on	GPUs

http://bit.ly/SampleSelectGPU

Given	an	unsorted	 sequence	of	real	numbers		
,	we	want	to	find	the	

element								such	that	 in	the	sorted	sequence
x0, x1, x2, x3, . . . xn�1

<latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

the	element							is	located	in	position	 			.	xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

xi0  xi1  xi2  xi3  · · ·  xik  . . . xin�1
<latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

We	do	not	necessarily	need	to	sort	the	complete	sequence!

This	is	equivalent	to	the	Selection	Problem!

SampleSelect Algorithm

Tobias	Ribizel
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Parallel	Threshold	Selection	on	GPUs

http://bit.ly/SampleSelectGPU

Given	an	unsorted	 sequence	of	real	numbers		
,	we	want	to	find	the	

element								such	that	 in	the	sorted	sequence
x0, x1, x2, x3, . . . xn�1

<latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

the	element							is	located	in	position	 			.	xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

xi0  xi1  xi2  xi3  · · ·  xik  . . . xin�1
<latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

We	do	not	necessarily	need	to	sort	the	complete	sequence!

This	is	equivalent	to	the	Selection	Problem!

SampleSelect Algorithm

Tobias	Ribizel
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Parallel	Threshold	Selection	on	GPUs

http://bit.ly/SampleSelectGPU

Given	an	unsorted	 sequence	of	real	numbers		
,	we	want	to	find	the	

element								such	that	 in	the	sorted	sequence
x0, x1, x2, x3, . . . xn�1

<latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

the	element							is	located	in	position	 			.	xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

xi0  xi1  xi2  xi3  · · ·  xik  . . . xin�1
<latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

We	do	not	necessarily	need	to	sort	the	complete	sequence!

This	is	equivalent	to	the	Selection	Problem!

SampleSelect Algorithm

Tobias	Ribizel
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Parallel	Threshold	Selection	on	GPUs

http://bit.ly/SampleSelectGPU

Given	an	unsorted	 sequence	of	real	numbers		
,	we	want	to	find	the	

element								such	that	 in	the	sorted	sequence
x0, x1, x2, x3, . . . xn�1

<latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

the	element							is	located	in	position	 			.	xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

xi0  xi1  xi2  xi3  · · ·  xik  . . . xin�1
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We	do	not	necessarily	need	to	sort	the	complete	sequence!

This	is	equivalent	to	the	Selection	Problem!

SampleSelect Algorithm

Tobias	Ribizel
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Parallel	Threshold	Selection	on	GPUs

SampleSelect Algorithm• We	only	copy	elements	of	the	bucket	we	are	interested	in;

• In	case	of	identical	splitter	elements,	they	are	placed	in	an	
equality	bucket;

• If	target	rank	is	in	an	equality	bucket,	the	algorithm	can	
terminate	early	by	returning	lower	bound;

• For	sorting	the	splitters,	small	input	datasets,	and	the	lowest	
recursion	level	a bitonic sort	 in	shared	memory	is	used;	

• Use	a	binary	search	tree	to	sort	elements	into	the	buckets;



106 10/02/2019Hartwig Anzt:	Algorithm	Design	in	the	Advent	of	Exascale Computing

Parallel	Threshold	Selection	on	GPUs

• Run	SampleSelect using	all	resources	on	complete	data	set;
• Use	global	atomics	to	generate	bucket	counts;

Thread	Block Thread	BlockThread	Block

Thread	Block Thread	BlockThread	Block

…

• Split	data	set	into	chunks,	assign	to	thread	blocks;
• Each	thread	block	runs	bucket	count	on	 its	data;
• Use	a	global	reduction	to	get	global	bucket	counts;

Shared	Memory	AtomicsGlobal	Memory	Atomics

Global	Atomics Shared	Memory	Atomics
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Parallel	Threshold	Selection	on	GPUs -g	:	global	memory	atomics
-s:	shared	memory	atomics

NVIDIA	K40 NVIDIA	V100

double	precision

single	precision

3x	over	QuickSelect
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Approximate	Threshold	Selection

SampleSelect Algorithm We	do	not	descent	to	the	lowest	level	of	the	
recursion	tree	if	we	accept	an	approximate	threshold.

• Accuracy	depends	on	the	ratio	splitters	vs.	dataset	size;
• Independent	 of	value	distribution	(works	on	ranks,	only);

Approximate	selection	on	228 uniformly	distributed	single	precision	
values	using	1	recursion	level,	only.http://bit.ly/SampleSelectGPU

NVIDIA	V100	GPU

1024	buckets
512	buckets

256	buckets

128	buckets



109 10/02/2019Hartwig Anzt:	Algorithm	Design	in	the	Advent	of	Exascale Computing

Approximate	Threshold	Selection
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Parallelism	inside	the	blocks:	Candidate	search

S⇤ = (S(A) [ S(L · U)) \ S(L+ U)

sparse	matrix	product

sparse	matrix	sum

• Combination	of	sparse	matrix	product	and
sparse	matrix	sums.

• Building	blocks	available	in	SparseBLAS.
• Blocks	can	be	combined	into	one	kernel	for	

higher	(memory)	efficiency.
• Kernel	can	be	parallelized	by	rows.

• Cost	heavily	dependent	on	sparsity	pattern.

• Kernel	performance	bound	by	memory	bandwidth.

• Design	specialized	Kernel	2.

sparse	matrix	sum

Identify	locations	that	are	symbolically	nonzero:

2Anzt	et	al.	“ParILUT–A	new	parallel	threshold	ILU”. In:	SIAM	J.	on	Sci.	Comp.	(2018).
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ParILUT Performance	on	GPUs

Impact	of	exact(1st bar)	/	approximate	(2nd bar)	SampleSelect on	ParILUT runtime	breakdown
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Matrices	taken	from	Suite	Sparse	Matrix	Collection.
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Matrices	taken	from	Suite	Sparse	Matrix	Collection.

ParILUT performance	across	different	GPU	generations:
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ParILUT Performance	on	GPUs
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We	iteratively	solve	a	linear	system	of	the	form												
Where																				nonsingular	and																	.

The	convergence	rate typically	depends	on	the
conditioning of	the	 linear	system,	which	is	the	ratio	
between	the	largest	and	smallest	eigenvalue.

Ax = b

A 2 Rn⇥n
b, x 2 Rn

cond2(A) =

�
max

�
min

=

1
�

min

1
�

max

= cond2(A
�1

)

The	Challenge:	Iterative	Solution	of	a	Sparse	Linear	System
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We	iteratively	solve	a	linear	system	of	the	form												
Where																				nonsingular	and																	.

The	convergence	rate typically	depends	on	the
conditioning of	the	 linear	system,	which	is	the	ratio	
between	the	largest	and	smallest	eigenvalue.

Using	a	preconditioner ,	we	can	transform the	
linear	system	into	a	system	with	a	lower	condition	number:

Ax = b

A 2 Rn⇥n
b, x 2 Rn

MAx = Mb (left preconditioned)

cond2(A) =

�
max

�
min

=

1
�

min

1
�

max

= cond2(A
�1

)

M ⇡ A�1

The	Challenge:	Iterative	Solution	of	a	Sparse	Linear	System
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We	iteratively	solve	a	linear	system	of	the	form												
Where																				nonsingular	and																	.

The	convergence	rate typically	depends	on	the
conditioning of	the	 linear	system,	which	is	the	ratio	
between	the	largest	and	smallest	eigenvalue.

Using	a	preconditioner ,	we	can	transform the	
linear	system	into	a	system	with	a	lower	condition	number:

If	we	now	apply	the	 iterative	solver	to	the	preconditioned
System																								,	we	usually	get	faster	convergence.

Assume																		,	then:	 																																	.
Solution	right	available,	but	computing

is	expensive…

Ax = b

A 2 Rn⇥n
b, x 2 Rn

MAx = Mb (left preconditioned)

M = A�1
x = MAx = Mb

M = A�1

cond2(A) =

�
max

�
min

=

1
�

min

1
�

max

= cond2(A
�1

)

M ⇡ A�1

MAx = Mb
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The	Challenge:	Iterative	Solution	of	a	Sparse	Linear	System
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We	iteratively	solve	a	linear	system	of	the	form												
Where																				nonsingular	and																	.

The	convergence	rate typically	depends	on	the
conditioning of	the	 linear	system,	which	is	the	ratio	
between	the	largest	and	smallest	eigenvalue.

Using	a	preconditioner ,	we	can	transform the	
linear	system	into	a	system	with	a	lower	condition	number:

If	we	now	apply	the	 iterative	solver	to	the	preconditioned
System																								,	we	usually	get	faster	convergence.

Assume																		,	then:	 																																	.
Solution	right	available,	but	computing

is	expensive…

Ax = b

A 2 Rn⇥n
b, x 2 Rn

MAx = Mb (left preconditioned)

M = A�1
x = MAx = Mb

M = A�1

cond2(A) =
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max

�
min

=

1
�

min

1
�

max

= cond2(A
�1

)

M ⇡ A�1

MAx = Mb
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Explicitly	forming									is	very	expensive.	The	preconditioner	
is	usually	applied	implicitly	in	the	different	iteration	steps.

MA

The	Challenge:	Iterative	Solution	of	a	Sparse	Linear	System



117 10/02/2019Hartwig Anzt:	Algorithm	Design	in	the	Advent	of	Exascale Computing

We	iteratively	solve	a	linear	system	of	the	form												
Where																				nonsingular	and																	.

The	convergence	rate typically	depends	on	the
conditioning of	the	 linear	system,	which	is	the	ratio	
between	the	largest	and	smallest	eigenvalue.

Using	a	preconditioner ,	we	can	transform the	
linear	system	into	a	system	with	a	lower	condition	number:

If	we	now	apply	the	 iterative	solver	to	the	preconditioned
System																								,	we	usually	get	faster	convergence.

Assume																		,	then:	 																																	.
Solution	right	available,	but	computing

is	expensive…

The	Challenge:	Iterative	Solution	of	a	Sparse	Linear	System

Ax = b

A 2 Rn⇥n
b, x 2 Rn

MAx = Mb (left preconditioned)

M = A�1
x = MAx = Mb

M = A�1

cond2(A) =

�
max

�
min

=

1
�

min

1
�

max

= cond2(A
�1

)

M ⇡ A�1

MAx = Mb

<latexit sha1_base64="i/Fn5eu33BwY/tUPCXY3j3CrMXs=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPQ4+4HoSIFy+BCGaBZAg9nZ6kSU/P2N0jhiE/4cWDIl79HW/+jZ1FcH1Q8Hiviqp6QSK4Nhi/OzOzc/MLi7ml/PLK6tp6YWOzpuNUUValsYhVIyCaCS5Z1XAjWCNRjESBYPWgfzHy67dMaR7LazNImB+RruQhp8RYqVE+v0NnqBy0C0XsHmLv9MhDv4nn4jGKMEWlXXhrdWKaRkwaKojWTQ8nxs+IMpwKNsy3Us0SQvuky5qWShIx7Wfje4do1yodFMbKljRorH6dyEik9SAKbGdETE//9EbiX14zNeGJn3GZpIZJOlkUpgKZGI2eRx2uGDViYAmhittbEe0RRaixEeVtCJ+fov9Jbd/1sOtdHRRLeBpHDrZhB/bAg2MowSVUoAoUBNzDIzw5N86D8+y8TFpnnOnMFnyD8/oB6JKPLA==</latexit><latexit sha1_base64="i/Fn5eu33BwY/tUPCXY3j3CrMXs=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPQ4+4HoSIFy+BCGaBZAg9nZ6kSU/P2N0jhiE/4cWDIl79HW/+jZ1FcH1Q8Hiviqp6QSK4Nhi/OzOzc/MLi7ml/PLK6tp6YWOzpuNUUValsYhVIyCaCS5Z1XAjWCNRjESBYPWgfzHy67dMaR7LazNImB+RruQhp8RYqVE+v0NnqBy0C0XsHmLv9MhDv4nn4jGKMEWlXXhrdWKaRkwaKojWTQ8nxs+IMpwKNsy3Us0SQvuky5qWShIx7Wfje4do1yodFMbKljRorH6dyEik9SAKbGdETE//9EbiX14zNeGJn3GZpIZJOlkUpgKZGI2eRx2uGDViYAmhittbEe0RRaixEeVtCJ+fov9Jbd/1sOtdHRRLeBpHDrZhB/bAg2MowSVUoAoUBNzDIzw5N86D8+y8TFpnnOnMFnyD8/oB6JKPLA==</latexit><latexit sha1_base64="i/Fn5eu33BwY/tUPCXY3j3CrMXs=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPQ4+4HoSIFy+BCGaBZAg9nZ6kSU/P2N0jhiE/4cWDIl79HW/+jZ1FcH1Q8Hiviqp6QSK4Nhi/OzOzc/MLi7ml/PLK6tp6YWOzpuNUUValsYhVIyCaCS5Z1XAjWCNRjESBYPWgfzHy67dMaR7LazNImB+RruQhp8RYqVE+v0NnqBy0C0XsHmLv9MhDv4nn4jGKMEWlXXhrdWKaRkwaKojWTQ8nxs+IMpwKNsy3Us0SQvuky5qWShIx7Wfje4do1yodFMbKljRorH6dyEik9SAKbGdETE//9EbiX14zNeGJn3GZpIZJOlkUpgKZGI2eRx2uGDViYAmhittbEe0RRaixEeVtCJ+fov9Jbd/1sOtdHRRLeBpHDrZhB/bAg2MowSVUoAoUBNzDIzw5N86D8+y8TFpnnOnMFnyD8/oB6JKPLA==</latexit><latexit sha1_base64="i/Fn5eu33BwY/tUPCXY3j3CrMXs=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPQ4+4HoSIFy+BCGaBZAg9nZ6kSU/P2N0jhiE/4cWDIl79HW/+jZ1FcH1Q8Hiviqp6QSK4Nhi/OzOzc/MLi7ml/PLK6tp6YWOzpuNUUValsYhVIyCaCS5Z1XAjWCNRjESBYPWgfzHy67dMaR7LazNImB+RruQhp8RYqVE+v0NnqBy0C0XsHmLv9MhDv4nn4jGKMEWlXXhrdWKaRkwaKojWTQ8nxs+IMpwKNsy3Us0SQvuky5qWShIx7Wfje4do1yodFMbKljRorH6dyEik9SAKbGdETE//9EbiX14zNeGJn3GZpIZJOlkUpgKZGI2eRx2uGDViYAmhittbEe0RRaixEeVtCJ+fov9Jbd/1sOtdHRRLeBpHDrZhB/bAg2MowSVUoAoUBNzDIzw5N86D8+y8TFpnnOnMFnyD8/oB6JKPLA==</latexit>

Explicitly	forming									is	very	expensive.	The	preconditioner	
is	usually	applied	implicitly in	the	different	iteration	steps.

MA

Instead	of	forming	the	preconditioner	 																 explicitly,	
Incomplete	Factorization	Preconditioners	(ILU)	try	to	find	an	
approximate	factorization:

In	the	application	phase,	the	preconditioner	 is	only	
given	implicitly,	requiring	two	triangular	solves:

zk+1 = Mrk+1

M�1zk+1 = rk+1

LUzk+1| {z }
=:y

= rk+1

)Ly = rk+1, Uzk+1 = y

A ⇡ L · U

M ⇡ A�1
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Test matrices
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Convergence: GMRES iterations
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Convergence: CG iterations
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Intel	Xeon Phi 7250	“Knights Landing”
68	cores	@1.40	GHz,	
16GB	MCDRAM	@490	GB/s

Performance

Matrix Origin Rows Nonzeros Ratio SuperLU ParILUT ParICT

ani7	 2D	Anisotropic	Diffusion	 												 203,841 1,407,811 6.91 10.48	s	 0.45	s	 23.34 0.30	s	 35.16

apache2	 Suite	Sparse	Matrix	Collect.									 715,176 4,817,870 6.74 62.27	s	 1.24	s	 50.22 0.65	s	 95.37

cage11	 Suite	Sparse	Matrix	Collect.									 39,082 559,722 14.32 60.89	s 0.54	s	 112.56 --

jacobianMat9	 Fun3D	Fluid	 Flow	Problem													 90,708 5,047,042 55.64 153.84	s	 7.26	s	 21.19 --

thermal2	 Thermal	Problem	(Suite Sp.) 1,228,045 8,580,313 6.99 91.83	s	 1.23	s	 74.66 0.68	s	 134.25

tmt_sym Suite	Sparse	Matrix	Collect.									 726,713 5,080,961 6.97 53.42	s	 0.70	s	 76.21 0.41	s	 131.25

topopt120	 Geometry Optimization 132,300 8,802,544 66.53 44.22	s	 14.40	s	 3.07 8.24	s	 5.37

torso2	 Suite	Sparse	Matrix	Collect.									 115,967 1,033,473 8.91 10.78	s	 0.27	s	 39.92 --

venkat01	 Suite	Sparse	Matrix	Collect.									 62,424 1,717,792 27.52 8.53	s	 0.74	s	 11.54 --

Runtime	of	5	ParILUT /	ParICT steps	and	speedup over	SuperLU ILUT*.

*We	thank	Sherry	Li	and	Meiyue Shao	for	technical	help	in	generating	the	performance	numbers.	
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Precision	distribution	in	Adaptive	Block-Jacobi
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Precision	distribution	in	Adaptive	Block-Jacobi
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Adaptive	Block-Jacobi	Generation

Block-size	

NVIDIA	V100	GPU
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Adaptive	Block-Jacobi	Generation

Block-size	

NVIDIA	V100	GPU
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Adaptive	Block-Jacobi	Application

Block-size	

NVIDIA	V100	GPU
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Adaptive	Block-Jacobi	Application
NVIDIA	V100	GPU

Block-size	


