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Sparse Linear Algebra

* In sparse matrices (and vectors) most of the matrix values are zero.

« Data structures for sparse matrices ignore most or all explicit zeros.

« Sparse matrices stored in sparse data structures are typically large in size.
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Sparse Linear Algebra

* In sparse matrices (and vectors) most of the matrix values are zero.

« Data structures for sparse matrices ignore most or all explicit zeros.

« Sparse matrices stored in sparse data structures are typically large in size.
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Why would you develop batched routines for operations on sparse matrices? i S _
£ -“. i :ii Calumn
« Sparse matrices are rarely of small size. - i ow

» Sparse matrices often make memory coalescing a challenge. —

» All the same sparsity pattern? Same Format?

» Are there any application for data-parallel processing of sparse systems?
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« |n sparse matrices (and vectors) most of the matrix values are zero.

Data structures for sparse matrices ignore most or all explicit zeros.

Sparse matrices stored in sparse data structures are typically large in size.

Why would you develop batched routines for operations on sparse matrices?

» Sparse matrices are rarely of small size.
« Sparse matrices often make memory coalescing a challenge.
» All the same sparsity pattern? Same Format?

» Are there any application for data-parallel processing of sparse systems?

Flexible batched sparse matrix-vector product on GPUs
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Flexible batched sparse matrix-vector product on GPUs —
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Different scenarios: 60
All SpMV operations of the batch have:
50
1. the same system size sl

(explicit zero padding to fix the sparsity pattern);

a
g 30T W = CSR-I +
2. the same nonzero-per-row distribution G} igg;ﬁm‘;ﬂ
: i) 20+ _scal |,
(allows reuse of row pointers/row indices); —-CSR vec b
10_3"”“'” ' " o-coo ]
3. the same nonzero locations ek
(reuse of row pointers/row indices and column indices); 0 LB Qf rQ P Rr QR @ g 4
0 2000 4000 6000 8000 10000

batch si
4. the same values but distinct sparsity patterns aen e

inhomogeneous batch of 32 matrices from the SuiteSparse matrix
collection with n € [11, 1015], nnz € [76, 38352], nnz/n € [3.0, 66.0].
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k Combustion Simulations

refinement (AMR) code that solves
the reacting Navier-Stokes equations
in the low Mach number regime. The

|
|
| . .
| PeleLM is a parallel, adaptive mesh I |

AMReX-

Combustion/...

An adaptive mesh hydrodynamics simulation code

core libraries for managing the I e e B
subcycling AMR grids and A 22 O ws  ww v
communication are found in the e -
AMReX source code. ‘
|
https://amrex-combustion.github.io/PeleL M/overview.html |
_ 4 . 6 10 !
Problem Size Non-zeros (A) Non-zeros (L+U) ég : L N E: (2) I g :: L
dodecane_lu 54 2,332 (80%) 2,754 (94%)
drm19 22 438 (90%) 442 (91%)
gril2 33 978 (90%) 1,018 (93%) | -6
gri30 54 2,560 (88%) 2,860 (98%) 2 Y oot 0 g0 reatpar 0 a0 esipat
1sooctane 144 6,135 (30%) 20,307 (98%) (@) dodecane_lu (b) drm19 () gril2
lidryer 10 91 (91%) 91 (91%) e s .
g_z:: = g_z,z @us o mmmmem smeme  ®oe 080 % ]

0.00 0.02 0.04 0.06 0.08 010 0.12
Log(10) real part

(d) gri30

0 1 2 3 4
Log(10) real part

(e) isooctane

—0.006-0.004-0.0020.000 0.002 0.004 0.006

Log(10) real part

(f) lidryer
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Batched lterative Solvers

* Many sparse problems of medium size have to be solved concurrently.
« ~50-2,000 unknowns, <50% dense;
* All sparse systems may share the same sparsity pattern;
* An approximate solution may be acceptable (e.g., inside a non-linear solver);
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Batched lterative Solvers

+ Many sparse problems of medium size have to be solved concurrently.
« ~50-2,000 unknowns, <50% dense;
* All sparse systems may share the same sparsity pattern;
* An approximate solution may be acceptable (e.g., inside a non-linear solver);

—
—

» One strategy is to arrange the individual systems on the main diagonal of one large system. —
. “ ” —>

» Convergence determined by the “hardest” problem; :

* Noreuse of sparsity pattern information; —

* Global synchronization points; G
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Batched lterative Solvers

+ Many sparse problems of medium size have to be solved concurrently.
« ~50-2,000 unknowns, <50% dense;
* All sparse systems may share the same sparsity pattern;
* An approximate solution may be acceptable (e.g., inside a non-linear solver);

—
—
» One strategy is to arrange the individual systems on the main diagonal of one large system. —
» Convergence determined by the “hardest” problem; ::
* Noreuse of sparsity pattern information; —
* Global synchronization points; ::
» Better approach: design batched iterative solve functionality that solves all problems concurrently.
* Problem-dependent convergence accounted for; >
«  No global synchronization; I
» Reuse of sparsity pattern information; — -

* Parallelize across individual problems;
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Kernel Execution Considerations

Implication for (dense) direct methods Implication for (sparse) iterative methods
Batched functionality is generally » Algorithm steps need to be merged » Interfacing external components via
memory-bound; into one kernel (e.g. LU or inversion); main memory impacts performance;
-> Urgent need to minimize main » All algorithm components have to be in-
memory access; lined in the kernel code;
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Kernel Execution Considerations
Implication for (dense) direct methods Implication for (sparse) iterative methods

Batched functionality is generally » Algorithm steps need to be merged * Interfacing external components via
memory-bound; into one kernel (e.g. LU or inversion); main memory impacts performance;
-> Urgent need to minimize main » All algorithm components have to be in-
memory access; lined in the kernel code;
Different problems have different « Different kernels for different problem «  Sparse matrix memory needs unknown;
resource requirements; sizes; + Caching only for const data;
-> hard to predict the register/shared « Shared memory space for intermediate
memory requirement; vectors unknown:
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Kernel Execution Considerations
Implication for (dense) direct methods Implication for (sparse) iterative methods

Batched functionality is generally » Algorithm steps need to be merged » Interfacing external components via
memory-bound; into one kernel (e.g. LU or inversion); main memory impacts performance;
-> Urgent need to minimize main - All algorithm components have to be in-
memory access; lined in the kernel code;
Different problems have different « Different kernels for different problem «  Sparse matrix memory needs unknown;
resource requirements; sizes; «  Caching only for const data;
-> hard to predict the register/shared «  Shared memory space for intermediate
memory requirement; vectors unknown;

3. Different problems may result in different ,
algorithm behavior;
-> unpredictable algorithm execution;

Pivoting can result in some branching * Need to monitor iterative solver
in the kernel execution; convergence for each problem
individually and complete early;
* Need to schedule problems
“appropriately”;
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Local / Global memory

Grid

Block (0, 0) Block (1, 0)

rb—Az.r+r,p+—0,v+ 0
pPrelwelae1
for i < N do

if ||r| < 7 then * *
Break

L

==

El'ld if Thread (0, 0) | Thread (1, 0) Thread (0, 0) | Thread (1, 0)
g:: Wa e Red objects: Intermediate
p 1+ Blp —wo) vectors in SpMV: High priority
p < PRECOND(p) to locate in shared memory
U Aﬁ
a— £ ® Blue objects: Low priority
8 +— T — ov
| if [|s]| < then e Green objects: Constant
€ x+ap matrices or vectors (cache)
Break
end if
& + PRECOND(S)
t+— AS
W Ls

ris—wt -
pep #Gmkgo

end for

Choice dependent on hardware resources and target problem

All operations must be in-lined to avoid main memory access
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Inlining operations: SpMV, preconditioner...

> BatchBicgstab A

] BatchCg
BatchGmres Ul

AbsoluteResidual

. RelativeResidual

rb—Az.r+r,p+—0,v+ 0
pPrelwelae1
for i < Nij. do

if |r| < 7 then

* Host side dispatch and the

dB,;Fak solver kernel is templated. _ N l— ) Z sﬁi‘c‘ﬁ'éiiiﬁ’ﬁb )
m{_ ]T, o L ‘Preconditioner J—— 1 =
per - Balchisai 4
8 22

i) . .
p 1+ B(p—wv) * Matrix format is templated. i T : .
Logge f——( simpleCon Logge

p <~ PRECOND(p) ; impleConvergence r |
v Aﬁ _
a5 apply.

8 T —av * Preconditioner is templated. -

if ||s|| < 7 then = =
T - x+ ﬂ’ﬁ template <typename StopType, typename PrecType,
typename LogType, typename BatchMatrixType,
Break typename ValueType>
end if __global_ _ void apply kernel (int padded_length,
8 + PRECOND(S) const StorageConf config, int max_iter,

VN

remove_complex<ValueType> tol,

t e fﬁ LogType logger, PrecType preconditioner,
W 7 const BatchMatrixType a, \\\
T T+ ap+ws const ValueType *__restrict__ b, §
ValueType »__restrict_ =, § ‘
rie—s—wt - \
. G k ValueType *__ restrict_ workspace) 3
o =% Ginkgo \
end for
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k Combustion Simulations

refinement (AMR) code that solves
the reacting Navier-Stokes equations
in the low Mach number regime. The

|
PeleLM is a parallel, adaptive mesh

AMReX-

Combustion/...

An adaptive mesh hydrodynamics simulation code

core libraries for managing the I e e B
subcycling AMR  grids and mzz  Or @S  ww v
communication are found in the e -
AMReX source code. |
25.01 = richardson B 1
20.0 1 mmm bicgstab \
https://amrex-combustion.qgithub.io/PeleLM/overview.html 5 m—gmres I |
'S 10.0 1 |
_‘é 7.0 1 |
Problem Size Non-zeros (A) Non-zeros (L+U) g 501 I I
dodecane_lu 54 2,332 (80%) 2,754 (94%) S . s | l B
drm19 22 438 (90%) 442 (91%) .l 01 0 4 BR .B
gril2 33 978 (90%) 1,018 (93%) 3
gri30 54 2,560 (88%) 2,860 (98%) & 1ol
1sooctane 144 6,135 (30%) 20,307 (98%)
]idryer 10 91 (91%) 91 (91%) 057 dodecane_lu drm19 gril2 gri30 isooctane  lidryer

Problem

Batched Sparse Iterative Solvers for Computational

Chemistry Simulations on GPUs

Publisher: IEEE B PDF

Isha Aggarwal ; Aditya Kashi ;
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. . Architecture FLOP/s BW LI L2 # of SMs Compiler
Batched solvers for monolithic problems FP64 per CU per CU Environment
[TFlops] (GB/s) [KB] [MB]
NVIDIA A100-40GB (Ampere) 9.7 1555 192 40 108 gee-8.5 + CUDA-114
NVIDIA V100-16GB (Volta) 7.8 990 128 6 80 gee-7.5 + CUDA-11.3
AMD MI250X-64GB (1 GCD) 259 1600 16+64 8 112 Clang-14 + ROCM-5.1
AMD MI100-32GB (CDNA) 11.5 1230 16+64 8 120 gee-8.5 + ROCM-4.5
AMD EPYC-7032 (Rome) 1.5 208 64 16 32 gee-8.5 + OpenMP 4.5
Intel Xeon Platinum (Ice Lake) 2.9 1000 64 38 38 gce-8.5 + OpenMP 4.5
. s [E S| e =% Ginkgo
g =e=-MI250X-monolithic 1 g 0.06 =o-A100-monolithic I )
8 ~ MI250%batched | | & ~ A100-batched g
g 01 ~e~MI100-monolithic g -+-V100-monolithic I o
= - MI100-batched It =2 - V100-batched - 802
Laplace 1D & 1, g0 n % g
/
& 0.05 1 5 " 5 L5
2 f, | =002 ’ 10 J--EPYC-OMP-monolithic |
2 a»” I ’ g _ 4 |~ EPYC-OMP-batched
= --— ~7 = - /z s 7 -+~ XEON-OMP-monolithic
= QL tmomomm = = =& = 0 —r—r— - = 4 = XEON-OMP-batched
10
0 by DO D DO GV Dy OV R AR 2.0, ARy
D NP AASEI RS2 AN AN HORS RIS A O AN
Num rows Num rows Num rows
0.14 ———————————————— 0.07 ————————— —~ el
~e~MI250X-monolithic “|-s=A100-monolithic "'-—o—-"--M——c E 10
0.12| |- MI250X-batched A 0.06L |- Al00-batched ] g
i ~+-MI100-monolithic o ~+-V100-momnolithic ¥ o
& 4| [=MIl00batched ,’ p Eoos — V100-batched ’4 o
- | 1 =
o o ’7
g /f g ” B
= 0.08¢ TR Zo0.04f 1 o
B ! =1 " = -2
[T I @ 1 = 10
'E 0.06 | ; ! ﬁ 0.03 ,A—/_N._‘_.;‘-.’j 3 ’/ --EPYC-OMP-monolithic
g ; g " - / ~ EPYC-OMP-batched
v 0.04 A 1 2 0.02 " 1 g / -~ XEON-OMP-monolithic
! ! ! =i / . - XEON-OMP-batched
Eo.oz- = 1 Foal - .,_,: I N 27 - T
—mzt=Z o s—"'*"". 103 A te : e
- -t - - em - ™
ol momtmem=ET 7T oL 2=t=v " [ | [ | | | | T TP R IR PN JN
F D P S0 T $ D £ S ST P T O G R G S I
L&l T SN NN é.;.ﬁ"%c;?-'é;\ & S’ TF SR 53 Q,?%&éﬁ'@(" & T R VRGOS
FF F P TP IS FF F P TETEE LS v < N S
&ie’ &ﬁe' 'ﬁ,{’
Matrix name Matrix name Matrix name
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> XGC DIII-D National Fusion Facility tokamak electromagnetic (EM) test case

XGC is a gyrokinetic particle-in-cell code, which
specializes in the simulation of the edge region of
magnetically confined thermonuclear fusion plasma.
The simulation domain can include the magnetic
separatrix, magnetic axis and the biased material wall.
XGC can run in total-delta-f and conventional delta-f
mode. The ion species are always gyrokinetic except
for ETG simulation. Electrons can be adiabatic,
massless fluid, driftkinetic, or gyrokinetic.

Source: https://xgc.pppl.qov/html/general info.html

10 lectr =l
0 . | . electron ]
' « Two species : i 18] sectron

* lons easy to solve

* Electrons hard to solve

* Banded matrix structure

* Non-symmetric, BICGSTAB
e n=~1,000

* nz= ~9,000

6K

i

&

Imaginary part (x1073)
o
-.:lil:..
Speedup w.r.L dgbsy on Skylake
B

L)

0.0 0.5 1.0 1.5
Log(10) real part

(=]

I L . -ms umvznsm ov /
’
G c xnoxvu.uz v"' /
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XGC DIII-D National Fusion Facility tokamak electromagnetic (EM) test case
: z : 10'
- 3 420040, 88%0
107 S e 0000%30848500000 %0 00000000 -
e reststsiotesres
................................................... 7
b 10°
: ;5 processor
& Friy e RO |
™ aoan s S £ —— Skylake
% A'A'A'A'A'L'A'A:;A.;A’A'At:’;t_.;"_‘#"” BRI E)- — V100
DTN T < :
£ -2 : N, o :0"“‘.0_09/\0..' — A100
£ 10 AL AL PE 9944
o £ : s — Mmoo
) 2 10 - solvertype_matrixformat
% 2 . —&— bicgstab csr
2 . —@- bicgstab ell
‘g : : -4 sparse_direct csr
T : i A A AR SES T~ dgbsv banded
& i " : : """"‘'A'A‘Au-f'A'A'A~A-A'A-A-‘.‘.e.A.A.‘.A.‘.A.A.A.‘.‘4
7 10
10
0 100 200 300 400 500 600 0 100 200 300 400 500 600
batch size batch size
Aditya Kashi, Pratik Nayak, Dhruva Kulkarni, Aaron Scheinberg, Paul Lin, and Hartwig Anzt. Batched sparse iterative solvers on gpu for the collision
operator for fusion plasma simulations. In 2022 IEEE International Parallel and Distributed Processing Symposium (IPDPS), pages 157-167. IEEE, 2022.
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+90|0m5 . +95I0r

+280ms +300ms +320ms +340ms  +360ms

Replace CPU solvers with GPU solvers

]
T

+380ms  +400ms  +420ms +440ms  +460ms  +480

r‘l\\,_jl‘Al.‘-l\

o o ——

8 nodes of NERSC Perimutter: 32 A100s, 1 MPI
per GPU; single socket 64-core AMD EPYC

8 nodes OLCF Frontier: 32 MI250X, 64 GCDs, 1
MPI per GCD; single socket 64-core AMD EPYC

8 nodes ALCF Aurora: 48 Intel Data Center Max
1550, 96 tiles, 1 MPI per tile; dual socket 52-core
Intel CPU Max 9470C SPR

XGC DIII-D National Fusion Facility tokamak electromagnetic (EM) test case

time/step (sec)

B Linear solve M Collision (w/o linear solve)

=% Ginkgo

12.000
10.000
8.000

6.000

4.000

2.000

0.000

Perim  Frontier Frontier Aurora  Aurora

Perim
LAPACK GINKGO LAPACK GINKGO LAPACK GINKGO
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Findings from working with PeleLM and XGC production simulations

Applications need to solve many small problems in parallel — these are not always dense.
- lterative solvers can be much faster if problems are well conditioned.
« Performance heavily depends on problem characteristics and implementation.

Implementing batched sparse solvers is challenging.
- Convergence is problem-dependent.

- One-kernel design necessary to achieve good performance. This includes the choice of matrix format
and preconditioning.

Hardware characteristics and problem characteristics need to be met.
« Which data to locate in shared memory? (changing vectors).
- Which data to locate in main memory, hope for caching? (constant data, matrix)

Very application dependent
« Need to implement kernel and run on hardware to see benefits for a given problem.
« Much harder to develop off-the-shelf solutions.

( ch . THE UNIVERSITY OF
KNOXVILLE
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