
KIT – The Research University in the Helmholtz Association

Hartwig Anzt
Steinbuch Centre for Computing (SCC)

www.kit.edu

Mixed Precision Strategies for Memory-Bound Linear Algebra

This research was supported by the Exascale Computing Project (17-SC-20-SC), a collaborative effort of the U.S. Department of Energy
Office of Science and the National Nuclear Security Administration and the Helmholtz Impuls und VernetzungsfondVH-NG-1241.

Hartwig Anzt Pratik NayakTerry Cojean Tobias Ribizel Mike Tsai
Fritz Göbel Aditya KashiT. GrützmacherIsha Aggarwal Marcel Koch Gregor Olinek

LANS  Seminar
September 8th 2021



https://ginkgo-project.github.io/

§ High performance sparse linear algebra
— Linear algebra building blocks: SpMV, SpMM, SpGEAM,...;
— Linear solvers: BiCG, BiCGSTAB, CG, CGS, FCG, GMRES, IDR;
— Advanced preconditioning techniques: ParILU, ParILUT, SAI;
— Batched iterative solvers; 

§ Exascale early systems GPU-readiness

— Available: Nvidia GPU (CUDA), AMD GPU (HIP), 
Intel GPU (DPC++), CPU Multithreading (OpenMP);

— C++, CMake build;
§ Open source, community-driven 

— Freely available (BSD License), GitHub, and Spack; 
— Part of the xSDK and E4S software stack;
— Can be used from deal.II and MFEM;

§ Modular precision ecosystem
— Decoupling of arithmetic precision and memory precision;
— Compressed Basis (CB) Krylov methods;
— Mixed precision algorithms: adaptive precision Jacobi, FSPAI;

GPU-centric high performance sparse linear algebra. Sustainable and 
extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

This research was supported by the Exascale Computing Project (17-SC-20-SC), a collaborative effort of the U.S. Department of Energy Office of Science and the National Nuclear
Security Administration and the Helmholtz Impuls und Vernetzungsfond VH-NG-1241.
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GPU-centric high performance sparse linear algebra. Sustainable and 
extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

Open source, community-driven 

• Ginkgo is a child of the ECP effort: 
• Lessons learnt in other software projects (e.g. MAGMA) are incorporated;
• Focus on sparse linear algebra;

• Better Scientific Software (BSSW.io) proved to be a valuable resource;

• Freely available (BSD License), GitHub, and Spack; 

• Modern programming language (C++14) and build system (CMake);

• Continuous Integration and Comprehensive Unit testing;

• From the beginning on, part of the xSDK and E4S software stacks;

• Portability as central design principle;

• Using the architecture-native languages to push the performance to the limit;



GPU-centric high performance sparse linear algebra. Sustainable and 
extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

High performance sparse linear algebra

• Linear algebra building blocks: SpMV, SpMM, SpGEAM,...;

• Linear solvers: BiCG, BiCGSTAB, CG, CGS, FCG, GMRES, IDR;

• Mixed precision algorithms: 
CB-GMRES, adaptive precision Jacobi, FSPAI;

• Advanced preconditioning techniques: ParILU, ParILUT, SAI;

• Batched solver technology;

• Extensible, sustainable, production-ready;



GPU-centric high performance sparse linear algebra. Sustainable and 
extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.
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Test problem from Suite Sparse: https://people.engr.tamu.edu/davis/suitesparse.html

A100 GPU MI100 GPU Gen9 GPU

CUDA HIP DPC++

integrated GPUPre-Frontier system Tulip (approved)Perlmutter-type, external

GPU-centric high performance sparse linear algebra. Sustainable and 
extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.



Test problem from Suite Sparse: https://people.engr.tamu.edu/davis/suitesparse.html

Linear Operator Design

GPU-centric high performance sparse linear algebra. Sustainable and 
extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

Matrix-Vector Product Solver (for system                )Preconditioner (for matrix     ) 

x := A · b x := M�1 · b x := S · b

Ax = bA

M�1 ⇡ A�1 S ⇡ A�1

L : Fm ! Fm

All of them can be expressed as

Application of a linear operator* (LinOp)

S = ⌃(A)M�1 = ⇧(A)

We express everything as Linear Operator and leverage C++ class inheritance.
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https://ginkgo-project.github.io/

§ High performance sparse linear algebra
— Linear algebra building blocks: SpMV, SpMM, SpGEAM,...;
— Linear solvers: BiCG, BiCGSTAB, CG, CGS, FCG, GMRES, IDR;
— Advanced preconditioning techniques: ParILU, ParILUT, SAI;
— Mixed precision algorithms: adaptive precision Jacobi, FSPAI;
— Decoupling of arithmetic precision and memory precision;
— Batched iterative solvers; 
— Extensible, sustainable, production-ready;

§ Exascale early systems GPU-readiness

— Available: Nvidia GPU (CUDA), AMD GPU (HIP), 
Intel GPU (DPC++), CPU Multithreading (OpenMP);

— C++, CMake build;
§ Open source, community-driven 

— Freely available (BSD License), GitHub, and Spack; 
— Part of the xSDK and E4S software stack;
— Can be used from deal.II and MFEM;
— Working on SUNDIALS integration;

GPU-centric high performance sparse linear algebra. Sustainable and 
extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

This research was supported by the Exascale Computing Project (17-SC-20-SC), a joint project of the U.S. Department of Energy’s Office of Science and National Nuclear Security 
Administration, responsible for delivering a capable exascale ecosystem, including software, applications, and hardware technology, to support the nation’s exascale computing imperative.
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• Generally, designing mixed precision algorithms in C/C++ is tedious and messy;

• Requires writing code with many explicit format conversions;

• Significant level of data duplication (in different precisions);

Simplifying research on mixed precision algorithms

float A;
double x, y;

y = A*x;



• Generally, designing mixed precision algorithms in C/C++ is tedious and messy;

• Requires writing code with many explicit format conversions;

• Significant level of data duplication (in different precisions);

• Idea: provide a framework, where the compiler handles all format conversions:

• Create objects in different precisions and combine them in the code;

• Automatically-generated temporary copies are used to match the precisions;

• After completion of the arithmetic, the output is converted back to the requested format;

• No need to worry about explicit conversions;

• The framework may not provide good performance;

• It still allows for easy and quick investigation of numerical effects;

• If an idea has proven successful, one can replace the on-the-fly conversion

with hardware-optimized implementations;

Simplifying research on mixed precision algorithms

float A;
double x, y;

y = A*x;

“Mix &  Match Precisions in Ginkgo”

using mtx = 
gko::matrix::Csr<float, int>;

using vec = 
gko::matrix::Dense<double>;

…
auto solver = solver_gen->generate(A);
solver->apply(lend(b), lend(x));



Mixing precisions in Ginkgo

1. Create Objects in different precision formats

ginkgo -> examples -> mixed-spmv

https://github.com/ginkgo-project/ginkgo/tree/develop/examples/mixed-spmv

https://github.com/ginkgo-project/ginkgo/tree/develop/examples/mixed-spmv


Mixing precisions in Ginkgo

1. Create Objects in different precision formats
2. Combine different precisions in computations

ginkgo -> examples -> mixed-spmv

https://github.com/ginkgo-project/ginkgo/tree/develop/examples/mixed-spmv
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Mixing precisions in Ginkgo

1. Create Objects in different precision formats
2. Combine different precisions in computations

3. Investigate rounding effects

ginkgo -> examples -> mixed-spmv

https://github.com/ginkgo-project/ginkgo/tree/develop/examples/mixed-spmv

https://github.com/ginkgo-project/ginkgo/tree/develop/examples/mixed-spmv


double
precision
(FP64)

single
precision
(FP32)

half
precision
(FP16)

Broadly speaking….
• The length of the exponent determines the range of the values 

that can be represented;
• The length of the significand determines how accurate values 

can be represented;

• The data access cost linearly depends on the memory volume;

• Rounding effects accumulate over a sequence of computations;

Background: Floating Point Formats, Accuracy, and Performance

SignificandExponent
Sign bit



double
precision
(FP64)

single
precision
(FP32)

half
precision
(FP16)

Broadly speaking….
• The length of the exponent determines the range of the values 

that can be represented;
• The length of the significand determines how accurate values 

can be represented;

• The data access cost linearly depends on the memory volume;

• Rounding effects accumulate over a sequence of computations;

Background: Floating Point Formats, Accuracy, and Performance

Let us focus on linear systems of the form Ax=b.

• The conditioning of a linear system reflects how sensitive 
the solution x is with regard to changes in the right-hand side b.

• Rule of thumb:  

relative residual accuracy = ( unit round-off ) * (linear system’s condition number)

N. Higham: Accuracy and stability of numerical algorithms. SIAM, 2002.

SignificandExponent
Sign bit



Double Precision

Linear System Ax=b with cond(A) ≈ 104

Running iterative methods in different precision formats

Experiments based on the Ginkgo library https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

https://ginkgo-project.github.io/


Double Precision

Accuracy improvement ~1012

Linear System Ax=b with cond(A) ≈ 104

Experiments based on the Ginkgo library https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

relative residual accuracy = ( unit round-off ) * (linear system’s condition number)

Running iterative methods in different precision formats

N. Higham: Accuracy and stability of numerical algorithms. SIAM, 2002.

https://ginkgo-project.github.io/


Double Precision

Accuracy improvement ~1012

Linear System Ax=b with cond(A) ≈ 104

Experiments based on the Ginkgo library https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

relative residual accuracy = ( unit round-off ) * (linear system’s condition number)

…
- ValueType = double; //u=1e-16
+ ValueType = float; //u=1e-7

…

Running iterative methods in different precision formats

N. Higham: Accuracy and stability of numerical algorithms. SIAM, 2002.
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Double Precision

Accuracy improvement ~1012

Linear System Ax=b with cond(A) ≈ 104

Experiments based on the Ginkgo library https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

Single Precision

Accuracy improvement ~103

relative residual accuracy = ( unit round-off ) * (linear system’s condition number)

Running iterative methods in different precision formats

N. Higham: Accuracy and stability of numerical algorithms. SIAM, 2002.

https://ginkgo-project.github.io/


Double Precision

Accuracy improvement ~1013

Linear System Ax=b with cond(A)= 103

Experiments based on the Ginkgo library https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

Single Precision

Accuracy improvement ~103

Running iterative methods in different precision formats

Accuracy improvement ~1012

Accuracy improvement ~103

https://ginkgo-project.github.io/


Double Precision

Single Precision is 10% faster!

Linear System Ax=b with cond(A) ≈ 104

Experiments based on the Ginkgo library https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

Single Precision

Running iterative methods in different precision formats

https://ginkgo-project.github.io/


Experiments based on the Ginkgo library https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

Double Precision CG + Double Precision Preconditioner

Linear System Ax=b with cond(A) ≈ 107 ( apache2 from SuiteSparse ) 

Accuracy improvement ~109

NVIDIA A100 GPU

Running iterative methods in different precision formats

https://ginkgo-project.github.io/


Experiments based on the Ginkgo library https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

Double Precision CG + Double Precision Preconditioner

Linear System Ax=b with cond(A) ≈ 107 ( apache2 from SuiteSparse ) 

Accuracy improvement ~109

NVIDIA A100 GPU
…

- ValueType = double; //u=1e-16
+ ValueType = float; //u=1e-7

…

Running iterative methods in different precision formats

https://ginkgo-project.github.io/


Experiments based on the Ginkgo library https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

Single Precision CG + Single Precision PreconditionerDouble Precision CG + Double Precision Preconditioner

Linear System Ax=b with cond(A) ≈ 107 ( apache2 from SuiteSparse ) 

No improvementAccuracy improvement ~109

NVIDIA A100 GPU

relative residual accuracy = ( unit round-off ) * (linear system’s condition number)
N. Higham: Accuracy and stability of numerical algorithms. SIAM, 2002.

Running iterative methods in different precision formats

https://ginkgo-project.github.io/


2006    2007    2008    2009    2010    2011    2012    2013    2014    2015   2016    2017    2018    2019    2020   2021

Tesla Fermi Kepler Maxwell Pascal Volta

1 : 2 1 : 2 1 : 32 1 : 2 : 16*

1 : 2 

1 : 2 : 41 : 2

1 : 2 1 : 2 1 : 2 : 41 : 2 1 : 2 : 4

Rel. compute performance

Rel. memory performance

double : single : half

*Tensor cores

NVIDIA GPU generation

For compute-bound applications, the performance gains 
from using lower precision depend on the architecture. 

Differences between Volta, Maxwell, Tesla...

For memory-bound applications, the performance gains 
from using lower precision are architecture-independent
and correspond to the floating point format complexity (#bits). 

Generally, 2x for FP32, 4x for FP16.

Why are we faster with a single precision CG solver?

Ampere

1 : 2 : 4

1 : 2 : 32
1* : 8* : 32*



2006    2007    2008    2009    2010    2011    2012    2013    2014    2015   2016    2017    2018    2019    2020   2021

Tesla Fermi Kepler Maxwell Pascal Volta

1 : 2 1 : 2 1 : 32 1 : 2 : 16*

1 : 2 

1 : 2 : 41 : 2

1 : 2 1 : 2 1 : 2 : 41 : 2 1 : 2 : 4

Rel. compute performance

Rel. memory performance

double : single : half

*Tensor cores

NVIDIA GPU generation

For compute-bound applications, the performance gains 
from using lower precision depend on the architecture. 

Differences between Volta, Maxwell, Tesla...

For memory-bound applications, the performance gains 
from using lower precision are architecture-independent
and correspond to the floating point format complexity (#bits). 

Generally, 2x for FP32, 4x for FP16.

Why are we faster with a single precision CG solver?

Ampere

1 : 2 : 4

1 : 2 : 32
1* : 8* : 32*

Maxwell Pascal Volta

1 : 32 1 : 2 : 16*1 : 2 : 4

1 : 2 : 41 : 2 1 : 2 : 4

double : single : half

*Tensor cores

Arithmetic Intensity [FLOP / value]

Peak performance

CG

AI = MB
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Decoupling the memory precision from the arithmetic precision

Arithmetic Intensity [FLOP / value]
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• Traditionally, we use a strong coupling between the precision 
formats used for arithmetic operations and storing data.

• The arithmetic operations are free, use high precision formats.

• Data access should be as cheap as possible, reduced precision.

Data	Accessor
Lossy Compression
• Low	precision
• Custom	formats
• ZFP,	SZ,	…

Compressed	Data

IEEE	754	DP

Memory

Processing	Units

Memory	Operations

Arithmetic	Operations

Lossless	Compression
• Huffman	encoding
• LZ77,	LZ78
• …

Memory Accessor



Decoupling the memory precision from the arithmetic precision
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• Traditionally, we use a strong coupling between the precision 
formats used for arithmetic operations and storing data.

• The arithmetic operations are free, use high precision formats.

• Data access should be as cheap as possible, reduced precision.

Data	Accessor
Lossy Compression
• Low	precision
• Custom	formats
• ZFP,	SZ,	…
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Memory Accessor for NVIDIA A100 GPU
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Memory Accessor for NVIDIA A100 GPU



Performance algorithm achieves with standard memory access.

Alg. 1

Memory Accessor for NVIDIA A100 GPU



Performance algorithm achieves with standard memory access.

Performance algorithm achieves with memory accessor.

Alg. 1

Memory Accessor for NVIDIA A100 GPU



Can we use the memory accessor to reduce the rounding effects?

Rethinking Algorithms: Use the memory accessor to increase accuracy

Design
• Memory access in low precision (e.g. fp32);
• Computations in high precision (e.g. fp64);

Characteristics
• Performance of low precision BLAS;
• Higher accuracy of low precision BLAS;

Usage
1. Can replace low precision BLAS to increase accuracy;
2. Can replace high precision BLAS if information loss is acceptable;

(without having to deal with explicit mixed precision usage)
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Accessor-BLAS: Replacing LP BLAS to improve accuracy

NVIDIA V100 GPU (Summit)
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Accessor-BLAS: Replacing LP BLAS to improve accuracy

NVIDIA V100 GPU (Summit)

uniform random values [-1,1]
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DOT

Random value distribution [-1,1]

Accessor-BLAS: Replacing LP BLAS to improve accuracy

NVIDIA V100 GPU (Summit)

uniform random values [-1,1]

uniform random values [-1,1]
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• No, not in general.

• Yes, in some cases.

• We need to adapt the approach to the application & data.

Two possibilities in the context of solving linear systems:

• “Self-healing” iterative methods;
• Approximate linear operators;

Can we use the memory accessor to accelerate applications by 
compressing data without changing the application output?

Rethinking Algorithms: Use the memory accessor to boost performance



• Krylov iterative solvers
• Krylov methods aim at approximating the solution to a 

linear problem in a subspace.
• Over the iterations, a nested sequence of Krylov subspaces

is generated, adding one basis vector in each iteration.

• Orthonormalization ensures a orthonormal basis is formed 
(Classical Gram-Schmidt, Modified Gram Schmidt…).

Rethinking Algorithms I: Self-Healing Iterative Methods

K0 ⇢ K1 ⇢ K2 ⇢ . . .

Ki(A, r) = span{b, Ab,A2b, . . . Ai�1b}

x

x⇤

*GMRES in the modular precision ecosystem

K1
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• Krylov iterative solvers
• Krylov methods aim at approximating the solution to a 

linear problem in a subspace.
• Over the iterations, a nested sequence of Krylov subspaces

is generated, adding one basis vector in each iteration.

• Orthonormalization ensures a orthonormal basis is formed 
(Classical Gram-Schmidt, Modified Gram Schmidt…).

Rethinking Algorithms I: Self-Healing Iterative Methods

K0 ⇢ K1 ⇢ K2 ⇢ . . .

Ki(A, r) = span{b, Ab,A2b, . . . Ai�1b}

x

x⇤

K2

*GMRES in the modular precision ecosystem



• Krylov iterative solvers
• Krylov methods aim at approximating the solution to a 

linear problem in a subspace.
• Over the iterations, a nested sequence of Krylov subspaces

is generated, adding one basis vector in each iteration.

• Orthonormalization ensures a orthonormal basis is formed 
(Classical Gram-Schmidt, Modified Gram Schmidt…).

Rethinking Algorithms I: Self-Healing Iterative Methods

K0 ⇢ K1 ⇢ K2 ⇢ . . .

Ki(A, r) = span{b, Ab,A2b, . . . Ai�1b}

x

x⇤

K2

Compressed Basis (CB-) GMRES

• Use double precision in all arithmetic operations;

• Store Krylov basis vectors in lower precision;
• Search directions are no longer DP-orthogonal;
• Hessenberg system maps solution to “perturbed” 

Krylov subspace;
• Additional iterations may be needed;
• As long as the loss-of-orthogonality is moderate, 

we should see moderate convergence degradation;
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https://ginkgo-project.github.io/

Impact example:
Serena test matrix (Suite Sparse)

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>

Compressed Basis (CB-) GMRES

• Krylov iterative solvers
• Krylov methods aim at approximating the solution to a 

linear problem in a subspace.
• Over the iterations, a nested sequence of Krylov subspaces

is generated, adding one basis vector in each iteration.

• Orthonormalization ensures a orthonormal basis is formed 
(Classical Gram-Schmidt, Modified Gram Schmidt…).

Compressed Basis (CB-) GMRES

• Use double precision in all arithmetic operations;

• Store Krylov basis vectors in lower precision;
• Search directions are no longer DP-orthogonal;
• Hessenberg system maps solution to “perturbed” 

Krylov subspace;
• Additional iterations may be needed;
• As long as the loss-of-orthogonality is moderate, 

we should see moderate convergence degradation;

arithmetic precision    memory precision

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>

https://ginkgo-project.github.io/


Compressed Basis GMRES

• CB-GMRES using 32-bit storage 
preserves DP accuracy 
(SP-GMRES does not)

NVIDIA A100 GPU

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>



Compressed Basis GMRES

• CB-GMRES using 32-bit storage 
preserves DP accuracy 
(SP-GMRES does not)

• Speedups problem-dependent

• Speedup ∅1.4x (for restart 100)

• 16-bit storage mostly inefficient

NVIDIA A100 GPU

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>

https://arxiv.org/abs/2009.12101
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Rethinking Algorithms II: Approximate Linear Operators



• Preconditioning iterative solvers.

• Idea: Approximate inverse of system matrix to make the system “easier to solve”:

and solve                                                                                             .

• Block-Jacobi preconditioner is based on block-diagonal scaling:

• Each block corresponds to one (small) linear system.

• Larger blocks typically improve convergence.

• Larger blocks make block-Jacobi more expensive.

Ax = b , P�1Ax = P�1b , Ãx = b̃
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<latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit><latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit><latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit><latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit>

Rethinking Algorithms II: Approximate Linear Operators



• Preconditioning iterative solvers.

• Idea: Approximate inverse of system matrix to make the system “easier to solve”:

and solve                                                                                             .

• Block-Jacobi preconditioner is based on block-diagonal scaling:

• Each block corresponds to one (small) linear system.

• Larger blocks typically improve convergence.

• Larger blocks make block-Jacobi more expensive.

• Why should we store the preconditioner matrix          in full (high) precision? 

• Use the accessor to store the inverted diagonal blocks in lower precision.

• Be careful to preserve the regularity of each inverted diagonal block!

Ax = b , P�1Ax = P�1b , Ãx = b̃
<latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit>

P�1 ⇡ A�1
<latexit sha1_base64="w1QOo3Lu6ctNF0cuiHu2ZcTuJXs=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGBF1W3LisYB/QjiWTZtrQTCYkGbEOxV9x40IRt/6HO//GtJ2Fth64cHLOveTeE0rOtPG8b2dhcWl5ZbWwVlzf2Nzadnd26zpJFaE1kvBENUOsKWeC1gwznDalojgOOW2Eg6ux37inSrNE3JqhpEGMe4JFjGBjpY67X73LTvxRG0upkgd0OXl13JJX9iZA88TPSQlyVDvuV7ubkDSmwhCOtW75njRBhpVhhNNRsZ1qKjEZ4B5tWSpwTHWQTbYfoSOrdFGUKFvCoIn6eyLDsdbDOLSdMTZ9PeuNxf+8VmqiiyBjQqaGCjL9KEo5MgkaR4G6TFFi+NASTBSzuyLSxwoTYwMr2hD82ZPnSf207Htl/+asVPHyOApwAIdwDD6cQwWuoQo1IPAIz/AKb86T8+K8Ox/T1gUnn9mDP3A+fwBY7pRw</latexit><latexit sha1_base64="w1QOo3Lu6ctNF0cuiHu2ZcTuJXs=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGBF1W3LisYB/QjiWTZtrQTCYkGbEOxV9x40IRt/6HO//GtJ2Fth64cHLOveTeE0rOtPG8b2dhcWl5ZbWwVlzf2Nzadnd26zpJFaE1kvBENUOsKWeC1gwznDalojgOOW2Eg6ux37inSrNE3JqhpEGMe4JFjGBjpY67X73LTvxRG0upkgd0OXl13JJX9iZA88TPSQlyVDvuV7ubkDSmwhCOtW75njRBhpVhhNNRsZ1qKjEZ4B5tWSpwTHWQTbYfoSOrdFGUKFvCoIn6eyLDsdbDOLSdMTZ9PeuNxf+8VmqiiyBjQqaGCjL9KEo5MgkaR4G6TFFi+NASTBSzuyLSxwoTYwMr2hD82ZPnSf207Htl/+asVPHyOApwAIdwDD6cQwWuoQo1IPAIz/AKb86T8+K8Ox/T1gUnn9mDP3A+fwBY7pRw</latexit><latexit sha1_base64="w1QOo3Lu6ctNF0cuiHu2ZcTuJXs=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGBF1W3LisYB/QjiWTZtrQTCYkGbEOxV9x40IRt/6HO//GtJ2Fth64cHLOveTeE0rOtPG8b2dhcWl5ZbWwVlzf2Nzadnd26zpJFaE1kvBENUOsKWeC1gwznDalojgOOW2Eg6ux37inSrNE3JqhpEGMe4JFjGBjpY67X73LTvxRG0upkgd0OXl13JJX9iZA88TPSQlyVDvuV7ubkDSmwhCOtW75njRBhpVhhNNRsZ1qKjEZ4B5tWSpwTHWQTbYfoSOrdFGUKFvCoIn6eyLDsdbDOLSdMTZ9PeuNxf+8VmqiiyBjQqaGCjL9KEo5MgkaR4G6TFFi+NASTBSzuyLSxwoTYwMr2hD82ZPnSf207Htl/+asVPHyOApwAIdwDD6cQwWuoQo1IPAIz/AKb86T8+K8Ox/T1gUnn9mDP3A+fwBY7pRw</latexit><latexit sha1_base64="w1QOo3Lu6ctNF0cuiHu2ZcTuJXs=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGBF1W3LisYB/QjiWTZtrQTCYkGbEOxV9x40IRt/6HO//GtJ2Fth64cHLOveTeE0rOtPG8b2dhcWl5ZbWwVlzf2Nzadnd26zpJFaE1kvBENUOsKWeC1gwznDalojgOOW2Eg6ux37inSrNE3JqhpEGMe4JFjGBjpY67X73LTvxRG0upkgd0OXl13JJX9iZA88TPSQlyVDvuV7ubkDSmwhCOtW75njRBhpVhhNNRsZ1qKjEZ4B5tWSpwTHWQTbYfoSOrdFGUKFvCoIn6eyLDsdbDOLSdMTZ9PeuNxf+8VmqiiyBjQqaGCjL9KEo5MgkaR4G6TFFi+NASTBSzuyLSxwoTYwMr2hD82ZPnSf207Htl/+asVPHyOApwAIdwDD6cQwWuoQo1IPAIz/AKb86T8+K8Ox/T1gUnn9mDP3A+fwBY7pRw</latexit>

P = diagB(A)
<latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit><latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit><latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit><latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit>

Data	Accessor
Lossy Compression
• Low	precision
• Custom	formats
• ZFP,	SZ,	…

Compressed	Data

IEEE	754	DP

Memory

Processing	Units

Memory	Operations

Arithmetic	Operations

Lossless	Compression
• Huffman	encoding
• LZ77,	LZ78
• …

P�1
<latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="BEMzmEWmgoiOphLrClNLdHTTYCg=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuLHMuNGl4MblCPYB7VgyaaaNzSRDckcoQ/+DGxeK+KPc+W9MHwttPRD4OCch9544k8Ki7397pY3Nre2d8m5lr7p/cFg7qraszg3jTaalNp2YWi6F4k0UKHknM5ymseTteHw7y9vP3Fih1QNOMh6ldKhEIhhFZ7XCx+IimPZrdb/hz0XWIVhCHZYK+7Wv3kCzPOUKmaTWdgM/w6igBgWTfFrp5ZZnlI3pkHcdKppyGxXzaafkzDkDkmjjjkIyd3+/KGhq7SSN3c2U4siuZjPzv6ybY3IdFUJlOXLFFh8luSSoyWx1MhCGM5QTB5QZ4WYlbEQNZegKqrgSgtWV16F12Qj8RnDvQxlO4BTOIYAruIE7CKEJDJ7gBd7g3dPeq/exqKvkLXs7hj/yPn8A1TiNYg==</latexit><latexit sha1_base64="w156NBr6Y47Z3n9Qpf3wSvTl1dM=">AAAB4nicbZBLSwMxFIXv+Ky1anXrJlgENw6J4GsnuHFZwT6gHUsmTdvYTDIkGaEM/Q9uXCjij3LnvzF9gFo9EPg4JyH3njiVwjqMP4Ol5ZXVtfXCRnGztLW9U94t1a3ODOM1pqU2zZhaLoXiNSec5M3UcJrEkjfi4fUkbzxyY4VWd26U8iihfSV6glHnrXr1Pj8m4065gsNTTC7PCMIhnuobyBwqMFe1U/5odzXLEq4ck9TaFsGpi3JqnGCSj4vtzPKUsiHt85ZHRRNuo3w67RgdeqeLetr4oxyauj9f5DSxdpTE/mZC3cAuZhPzv6yVud5FlAuVZo4rNvuol0nkNJqsjrrCcObkyANlRvhZERtQQ5nzBRV9CWRx5b9QPwkJDskthgLswwEcAYFzuIIbqEINGDzAE7zAa6CD5+BtVtdSMO9tD34peP8C9OCNeA==</latexit><latexit sha1_base64="qcs7j+kakYO5hoDmC/YOQHTrb0U=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBHcWBLB167gxmUF+4B2LJk008ZmJkOSEcrQf3DjQhG3/o87/8a0HVCrBy4czrmXe+8JEimMxfjTW1hcWl5ZLawV1zc2t7ZLO7sNo1LNeJ0pqXQroIZLEfO6FVbyVqI5jQLJm8HwauI3H7g2QsW3dpRwP6L9WISCUeukRu0uOybjbqmMK6eYXJ4RhCt4im9CclKGHLVu6aPTUyyNeGyZpMa0CU6sn1FtBZN8XOykhieUDWmftx2NacSNn02vHaNDp/RQqLSr2KKp+nMio5ExoyhwnRG1AzPvTcT/vHZqwws/E3GSWh6z2aIwlcgqNHkd9YTmzMqRI5Rp4W5FbEA1ZdYFVHQhkPmX/5LGSYXgCrnB5SrO4yjAPhzAERA4hypcQw3qwOAeHuEZXjzlPXmv3tusdcHLZ/bgF7z3LxYhjro=</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit>

Rethinking Algorithms II: Approximate Linear Operators



+ Regularity preserved;

+ Flexibility in the accuracy;

+ ”Not a low precision preconditioner”

+ Preconditioner is a constant operator;

+ No flexible Krylov solver needed ;

- Overhead of the precision detection 

(condition number calculation);

- Overhead from storing precision information

(need to additionally store/retrieve flag);

- Speedups / preconditioner quality problem-dependent;

• Choose how much accuracy of the preconditioner
should be preserved in the selection of the storage format.

• All computations use double precision, 
but store blocks in lower precision.

Mixed Precision Preconditioning
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Experiments based on the Ginkgo library https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

Double Precision CG + Double Precision Preconditioner

Linear System Ax=b with cond(A) ≈ 107 ( apache2 from SuiteSparse ) 

Mixed Precision Preconditioning

Accuracy improvement ~109

NVIDIA A100 GPU

Single Precision CG + Single Precision Preconditioner

No improvement

https://ginkgo-project.github.io/


Experiments based on the Ginkgo library https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

Double Precision CG + Mixed Precision PreconditionerDouble Precision CG + Double Precision Preconditioner

Linear System Ax=b with cond(A) ≈ 107 ( apache2 from SuiteSparse ) 

Mixed Precision Preconditioning

NVIDIA A100 GPU

• Attainable accuracy of CG unaffected
• Preconditioner remains a constant operator

https://ginkgo-project.github.io/


Experiments based on the Ginkgo library https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

Double Precision CG + Mixed Precision PreconditionerDouble Precision CG + Double Precision Preconditioner

Linear System Ax=b with cond(A) ≈ 107

16% runtime improvement

( apache2 from SuiteSparse ) 

Mixed Precision Preconditioning

NVIDIA A100 GPU

https://ginkgo-project.github.io/
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Problems where the preconditioner has higher accuracy than 2 digits. 
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Roughly 20% faster.

Flegar, Anzt, Cojean, Quintana-Orti. ”Customized-Precision Block-Jacobi Preconditioning for 
Krylov Iterative Solvers on Data-Parallel Manycore Processors”. TOMS, 2021.

Artifact Evaluation: https://github.com/ginkgo-project/ginkgo-data/tree/2019toms-adaptive-bj

Production-ready code: https://ginkgo-project.github.io
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NVIDIA A100 GPU

https://github.com/ginkgo-project/ginkgo-data/tree/2019toms-adaptive-bj/plots
https://ginkgo-project.github.io/


https://ginkgo-project.github.io/

§ High performance sparse linear algebra
— Linear algebra building blocks: SpMV, SpMM, SpGEAM,...;
— Linear solvers: BiCG, BiCGSTAB, CG, CGS, FCG, GMRES, IDR;
— Advanced preconditioning techniques: ParILU, ParILUT, SAI;
— Batched iterative solvers; 

§ Exascale early systems GPU-readiness

— Available: Nvidia GPU (CUDA), AMD GPU (HIP), 
Intel GPU (DPC++), CPU Multithreading (OpenMP);

— C++, CMake build;
§ Open source, community-driven 

— Freely available (BSD License), GitHub, and Spack; 
— Part of the xSDK and E4S software stack;
— Can be used from deal.II and MFEM;

§ Modular precision ecosystem
— Decoupling of arithmetic precision and memory precision;
— Compressed Basis (CB) Krylov methods;
— Mixed precision algorithms: adaptive precision Jacobi, FSPAI;

This research was supported by the Exascale Computing Project (17-SC-20-SC), a collaborative effort of the U.S. Department of Energy Office of Science and the National Nuclear
Security Administration and the Helmholtz Impuls und Vernetzungsfond VH-NG-1241.

https://ginkgo-project.github.io/


Accessor for AMD MI100 GPU



Accessor for NVIDIA A100 GPU



Accessor for Intel Skylake CPU



Accessor for AMD EPYC CPU



Memory accessor for memory-bound routines

Design
• Memory access in low precision (e.g. fp32);
• Computations in high precision (e.g. fp64);

Characteristics
• Performance of low precision routine;
• Higher accuracy of low precision routine;

Usage
1. Accessor-BLAS can replace low precision BLAS to increase accuracy;
2. Accessor-BLAS can replace high precision BLAS if information loss is acceptable;

(without having to deal with explicit mixed precision usage)



GEMV

Accessor-BLAS: Replacing LP BLAS to improve accuracy

NVIDIA V100 GPU (Summit)



GEMV

Accessor-BLAS: Replacing LP BLAS to improve accuracy

NVIDIA V100 GPU (Summit)

uniform random values [-1,1]



GEMV

DOT

Random value distribution [-1,1]

Accessor-BLAS: Replacing LP BLAS to improve accuracy

NVIDIA V100 GPU (Summit)

uniform random values [-1,1]

uniform random values [-1,1]



GEMV

DOT

Random value distribution [-1,1]

Accessor-BLAS: Replacing LP BLAS to improve accuracy

NVIDIA V100 GPU (Summit)

uniform random values [-1,1]

uniform random values [0,1]



• Preconditioning iterative solvers.

• Idea: Approximate inverse of system matrix to make the system “easier to solve”:

and solve                                                                                             .

• Sparse Approximate Inverse Preconditioner 

• and sparse 

• Incomplete Sparse Approximate Inverse (ISAI) 

uses sparsity pattern of    ;

• Factorized Sparse Approximate Inverse (FSPAI) 

stores inverse approximation in factorized form;

• Use the accessor to store the preconditioner in lower precision.

Mixed Precision Sparse Approximate Inverse

A
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Göbel at al: Mixed Precision Incomplete and Factorized Sparse Approximate Inverse Preconditioning on GPUs, EuroPar submitted.

Ax = b , P�1Ax = P�1b , Ãx = b̃
<latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit>
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Data	Accessor
Lossy Compression
• Low	precision
• Custom	formats
• ZFP,	SZ,	…

Compressed	Data

IEEE	754	DP

Memory

Processing	Units

Memory	Operations

Arithmetic	Operations

Lossless	Compression
• Huffman	encoding
• LZ77,	LZ78
• …
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• Preconditioning iterative solvers.

• Idea: Approximate inverse of system matrix to make the system “easier to solve”:

and solve                                                                                             .

• Sparse Approximate Inverse Preconditioner 

• and sparse 

• Incomplete Sparse Approximate Inverse (ISAI) 

uses sparsity pattern of    ;

• Factorized Sparse Approximate Inverse (FSPAI) 

stores inverse approximation in factorized form;

Mixed Precision Sparse Approximate Inverse
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• Preconditioning iterative solvers.

• Idea: Approximate inverse of system matrix to make the system “easier to solve”:

and solve                                                                                             .

• Sparse Approximate Inverse Preconditioner 

• and sparse 

• Incomplete Sparse Approximate Inverse (ISAI) 

uses sparsity pattern of    ;

• Factorized Sparse Approximate Inverse (FSPAI) 

stores inverse approximation in factorized form;

• Use the accessor to store the preconditioner in lower precision.

Mixed Precision Sparse Approximate Inverse
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Göbel at al: Mixed Precision Incomplete and Factorized Sparse Approximate Inverse Preconditioning on GPUs, EuroPar submitted.
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<latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit>

P�1 ⇡ A�1
<latexit sha1_base64="w1QOo3Lu6ctNF0cuiHu2ZcTuJXs=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGBF1W3LisYB/QjiWTZtrQTCYkGbEOxV9x40IRt/6HO//GtJ2Fth64cHLOveTeE0rOtPG8b2dhcWl5ZbWwVlzf2Nzadnd26zpJFaE1kvBENUOsKWeC1gwznDalojgOOW2Eg6ux37inSrNE3JqhpEGMe4JFjGBjpY67X73LTvxRG0upkgd0OXl13JJX9iZA88TPSQlyVDvuV7ubkDSmwhCOtW75njRBhpVhhNNRsZ1qKjEZ4B5tWSpwTHWQTbYfoSOrdFGUKFvCoIn6eyLDsdbDOLSdMTZ9PeuNxf+8VmqiiyBjQqaGCjL9KEo5MgkaR4G6TFFi+NASTBSzuyLSxwoTYwMr2hD82ZPnSf207Htl/+asVPHyOApwAIdwDD6cQwWuoQo1IPAIz/AKb86T8+K8Ox/T1gUnn9mDP3A+fwBY7pRw</latexit><latexit sha1_base64="w1QOo3Lu6ctNF0cuiHu2ZcTuJXs=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGBF1W3LisYB/QjiWTZtrQTCYkGbEOxV9x40IRt/6HO//GtJ2Fth64cHLOveTeE0rOtPG8b2dhcWl5ZbWwVlzf2Nzadnd26zpJFaE1kvBENUOsKWeC1gwznDalojgOOW2Eg6ux37inSrNE3JqhpEGMe4JFjGBjpY67X73LTvxRG0upkgd0OXl13JJX9iZA88TPSQlyVDvuV7ubkDSmwhCOtW75njRBhpVhhNNRsZ1qKjEZ4B5tWSpwTHWQTbYfoSOrdFGUKFvCoIn6eyLDsdbDOLSdMTZ9PeuNxf+8VmqiiyBjQqaGCjL9KEo5MgkaR4G6TFFi+NASTBSzuyLSxwoTYwMr2hD82ZPnSf207Htl/+asVPHyOApwAIdwDD6cQwWuoQo1IPAIz/AKb86T8+K8Ox/T1gUnn9mDP3A+fwBY7pRw</latexit><latexit sha1_base64="w1QOo3Lu6ctNF0cuiHu2ZcTuJXs=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGBF1W3LisYB/QjiWTZtrQTCYkGbEOxV9x40IRt/6HO//GtJ2Fth64cHLOveTeE0rOtPG8b2dhcWl5ZbWwVlzf2Nzadnd26zpJFaE1kvBENUOsKWeC1gwznDalojgOOW2Eg6ux37inSrNE3JqhpEGMe4JFjGBjpY67X73LTvxRG0upkgd0OXl13JJX9iZA88TPSQlyVDvuV7ubkDSmwhCOtW75njRBhpVhhNNRsZ1qKjEZ4B5tWSpwTHWQTbYfoSOrdFGUKFvCoIn6eyLDsdbDOLSdMTZ9PeuNxf+8VmqiiyBjQqaGCjL9KEo5MgkaR4G6TFFi+NASTBSzuyLSxwoTYwMr2hD82ZPnSf207Htl/+asVPHyOApwAIdwDD6cQwWuoQo1IPAIz/AKb86T8+K8Ox/T1gUnn9mDP3A+fwBY7pRw</latexit><latexit sha1_base64="w1QOo3Lu6ctNF0cuiHu2ZcTuJXs=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGBF1W3LisYB/QjiWTZtrQTCYkGbEOxV9x40IRt/6HO//GtJ2Fth64cHLOveTeE0rOtPG8b2dhcWl5ZbWwVlzf2Nzadnd26zpJFaE1kvBENUOsKWeC1gwznDalojgOOW2Eg6ux37inSrNE3JqhpEGMe4JFjGBjpY67X73LTvxRG0upkgd0OXl13JJX9iZA88TPSQlyVDvuV7ubkDSmwhCOtW75njRBhpVhhNNRsZ1qKjEZ4B5tWSpwTHWQTbYfoSOrdFGUKFvCoIn6eyLDsdbDOLSdMTZ9PeuNxf+8VmqiiyBjQqaGCjL9KEo5MgkaR4G6TFFi+NASTBSzuyLSxwoTYwMr2hD82ZPnSf207Htl/+asVPHyOApwAIdwDD6cQwWuoQo1IPAIz/AKb86T8+K8Ox/T1gUnn9mDP3A+fwBY7pRw</latexit>

Data	Accessor
Lossy Compression
• Low	precision
• Custom	formats
• ZFP,	SZ,	…

Compressed	Data

IEEE	754	DP

Memory

Processing	Units

Memory	Operations

Arithmetic	Operations

Lossless	Compression
• Huffman	encoding
• LZ77,	LZ78
• …
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Mixed Precision Sparse Approximate Inverse
ISAI

• ~10% speedup for ISAI<fp64,fp32> 
• ~20% speedup for ISAI<fp64,fp16> - unstable! 

Göbel at al: Mixed Precision Incomplete and Factorized Sparse Approximate Inverse Preconditioning on GPUs, EuroPar submitted.



Mixed Precision Sparse Approximate Inverse
ISAI FSPAI

• ~10% speedup for ISAI<fp64,fp32> 
• ~20% speedup for ISAI<fp64,fp16> - unstable! 

• ~15% speedup for FSPAI<fp64,fp32>
• ~25% speedup for FSPAI<fp64,fp16>

Göbel at al: Mixed Precision Incomplete and Factorized Sparse Approximate Inverse Preconditioning on GPUs, EuroPar submitted.


