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— - GPU-centric high performance sparse linear algebra. Sustainable and
Glnkgo extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

Library core contains architecture CORE
. o agnostic algorithm implementation Libeary Infrastructure
= High performance sparse linear algebra A{uwi::tm:mms
Runtime polymorphism selects the right kerne . econditioners
— Linear algebra building blocks: SpMV, SpMM, SpGEAM,...; -
— Linear solvers: BiCG, BiCGSTAB, CG, CGS, FCG, GMRES, IDR; Mook ou Caget archinctise.

— Advanced preconditioning techniques: ParILU, ParILUT, SAI;
— Batched iterative solvers;

REFERENCE OpenMP CUDA HIP DPC++
= Exascale early systems GPU-readiness g e o el DRC 0N lemels
*  Solver kemels *  Solver kernels = Solver kernels *  Solver kernels +  Solver kemels

+  Precond kemels «  Precond kemels «  Precond kernels *  Precond kernels *  Precond kernels

— Available: Nvidia GPU (CUDA), AMD GPU (HIP),
Intel GPU (DPC++), CPU Multithreading (OpenMP); . rp——— -
— C++, CMake build; % ‘ heckcorrectness p— J pr— J - J _@J
= Open source, community-driven ~ . NVIDIA AMDQD intel
— Freely available (BSD License), GitHub, and Spack; xSDK USAGE EXAMPLE NVIDIA A108 GPU  AMD MGG GPU  INTEL GEN.S GPU
— Part of the xSDK and E4S software stack; a deal IT @
— Can be used from deal.ll and MFEM;
= Modular precision ecosystem

F V., y

— Decoupling of arithmetic precision and memory precision;
— Compressed Basis (CB) Krylov methods;

— Mixed precision algorithms: adaptive precision Jacobi, FSPAI;

https://ginkgo-project.github.io/
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https://ginkgo-project.github.io/

— — GPU-centric high performance sparse linear algebra. Sustainable and
- Glnkgo ghp p g

extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

Open source, community-driven

ECP
Ginkgo is a child of the ECP effort: |
* Lessons learnt in other software projects (e.g. MAGMA) are incorporated;
* Focus on sparse linear algebra;

' ||) better
=~ scientific

Better Scientific Software (BSSW.io) proved to be a valuable resource; software

Freely available (BSD License), GitHub, and Spack; O

A CMake @ sonarqube

Modern programming language (C++14) and build system (CMake); v

googlctcst
Continuous Integration and Comprehensive Unit testing; ' i’ ‘v’ EEEC A --D--IHI' sEy

GitLab CI ll-H: _I-_ Ill._"_ : ,-l.'ml
. . ::r-u . l- g'-'—'— III_I Tmis ==:
From the beginning on, part of the xSDK and E4S software stacks;
Portability as central design principle; gDK %

Using the architecture-native languages to push the performance to the limit;



== Ginkgo

GPU-centric high performance sparse linear algebra. Sustainable and
extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

High performance sparse linear algebra

Linear algebra building blocks: SpMV, SpMM, SpGEAM,...;

Linear solvers: BiCG, BiCGSTAB, CG, CGS, FCG, GMRES, IDR;

Mixed precision algorithms:

CB-GMRES, adaptive precision Jacobi, FSPAI;

Advanced preconditioning techniques: ParlLU, ParILUT, SAI;

Batched solver technology;

Extensible, sustainable, production-ready;
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Glnkgo extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

Library core contains architecture- CORE
agnostic algorithm implementation Library Infrastructure
Algorithm Implementations
Iterative Solvers
Preconditioners



- Wy el GPU-centric high performance sparse linear algebra. Sustainable and
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Iterative Solvers
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Reference kernels
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Reference kernels are
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check correctness of

algorithm design and
optimized kernels



- el GPU-centric high performance sparse linear algebra. Sustainable and
Glnkgo extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

Library core contains architecture- CORE
agnostic algorithm implementation Library Infrastructure
Algorithm Implementations
» |Iterative Solvers
Runtime polymorphism selects the right kernel «  Preconditioners
depending on the target architecture .

Architecture-specific kernels execute the
algorithm on target architecture

REFERENCE OpenMP
Reference kernels OpenMP kernels
« SpMV SpMV

Solver kernels
Precond kernels

« Solver kernels
* Precond kernels

Reference kernels are
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== Ginkgo

GPU-centric high performance sparse linear algebra. Sustainable and
extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

Library core contains architecture-
agnostic algorithm implementation

Runtime polymorphism selects the right kernel
depending on the target architecture

Architecture-specific kernels execute the
algorithm on target architecture

REFERENCE OpenMP
Reference kernels OpenMP kernels
+ SpMV « SpMV
« Solver kernels + Solver kernels
* Precond kernels *  Precond kernels

Reference kernels are
sequential kernels to
check correctness of

algorithm design and
optimized kernels

CORE

Library Infrastructure
Algorithm Implementations
» Iterative Solvers
* Preconditioners

CUDA HIP DPC++
CUDA GPU kernels HIP GPU kernels DPC++ GPU kernels
« SpMV «  SpMV +  SpMV
Solver kernels Solver kernels Solver kernels
*  Precond kernels * Precond kernels * Precond kernels

Optimized architecture-specific kernels;

AMDZ intel

<@ NVIDIA.



N - GPU-centric high performance sparse linear algebra. Sustainable and
Glnkgo extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

ons

gko: :CudaExecutor: :create(0, gko::OmpExecutor::create());
<0: :DpcppExecutor: :create(0, - gko: :OmpExecutor: :create());

gko: :read<gko: :matrix: :Csr<>>(std::cin, gpu);
gko: :read<gko: :matr :Dense<>>(std: :cin, gpu);
gko: :read<gko: :matrix: :Dense<>>(std::cin, gpu);

e HIP DPC++
gko::solver::Cg<>::build() HIP GPU K , DPC++ GPU k :
.with_preconditioner(gko::preconditioner::Jacobi<>::build().on(gpu)) A SpM\?mes . SpMV willnag
-with_criteria( +  Solver kernels +  Solver kernels
gko::stop::Iteration::build().with _max iters(1600u).on(gpu), * Precond kernels * Precond kernels
gko: :stop::ResidualNormReduction<>: :build() g Y
.with reduction factor(le-15)
-on(gpu))
-on(gpu); tecture-specific kernels;

solver->generate(give(A))->apply(lend(b), lend(x));

RN e i — |

AMD intel

write(std::cout, lend(x));
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GPU-centric high performance sparse linear algebra. Sustainable and
extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

Library core contains architecture-
agnostic algorithm implementation

Runtime polymorphism selects the right kernel
depending on the target architecture

Architecture-specific kernels execute the
algorithm on target architecture

REFERENCE OpenMP
Reference kernels OpenMP kernels
+ SpMV « SpMV
« Solver kernels + Solver kernels
* Precond kernels *  Precond kernels

Reference kernels are
sequential kernels to
check correctness of

algorithm design and
optimized kernels

CORE

Library Infrastructure
Algorithm Implementations
» Iterative Solvers
* Preconditioners

CUDA HIP DPC++
CUDA GPU kernels HIP GPU kernels DPC++ GPU kernels
« SpMV «  SpMV +  SpMV
Solver kernels Solver kernels Solver kernels
*  Precond kernels * Precond kernels * Precond kernels

Optimized architecture-specific kernels;

AMDZ intel

<@ NVIDIA.



Runtime polymorj
depending on the

Architecture-specific kernels
algorithm on target architect

REFERENCE

Reference kernels
SpMV

Solver kernels
Precond kernels

Reference kernels are
sequential kernels to
check correctness of
algorithm design and
optimized kernels

GPU-centric high performance sparse linear algebra. Sustainable and
extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

CUDA SYCL OpenCL
) Model
v
i CUDA/HIP
§ OpenCL
‘g OpenMP
& 0.4 OpenACC
Kokkos
SYCL
HIP DPC++
kernels DPC++ GPU kernels
MV +  SpMV
l Iver kernels + Solver kernels
V100 IrisPro580 RadeonVil acond kernels Precond kernels
Platform
International Conference on High Performance Computing
ISC High Performance 2021: High Performance Computing pp 332-350 | Cite as
ernels;

A Performance Analysis of Modern Parallel Programming

Models Using a Compute-Bound Application J J
Authors Authors and affilistions esi googletest _ 5 | googletest

Andrei Poenaru [~-], Wei-Chen Lin, Simon Mcintosh-Smith [~




== Ginkgo

< NVIDIA. A100 GPU

Perlmutter-type, external
%gmkgo*coo B ginkgo_csr ] cusparse_coo ] cusparse_csr
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GPU-centric high performance sparse linear algebra. Sustainable and
extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

intel Gen9 GPU

Pre-Frontier system Tulip (approved) integrated GPU
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Test problem from Suite Sparse: https://people.engr.tamu.edu/davis/suitesparse.html



R A Gink 0 GPU-centric high performance sparse linear algebra. Sustainable and
g extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

Linear Operator Design

We express everything as Linear Operator and leverage C++ class inheritance.

Matrix-Vector Product Preconditioner (for matrix A ) Solver (for system Ax = b)
x:=A-b r=M1.p x:=S-b
M—l ~ —1 S ~ A—l
M~' =TI(A) S =3(4)

All of them can be expressed as

Application of a linear operator* (LinOp) [ : F™ — F™

Test problem from Suite Sparse: https://people.engr.tamu.edu/davis/suitesparse.html



- Wy el GPU-centric high performance sparse linear algebra. Sustainable and
Glnkgo extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

Linear Operator Design
Example: Speeding up MFEM’s “example 22” on NVIDIA and AMD GPUs

0.7077

We express everything as Linear Operator and leverage

Example 22 solves harmonic oscillation problems, with a forced 0.4155

oscillation imposed at the boundary. For this test, we use variant 1:
Matrix-Vector Product -V - (aVu) — wbu + iwcu = 0

witha=1,b=1, w=10,c=20

0.1232

-0.1691

0.06422

2| —— = 100
<+ p=1(MI50) .‘
sl ’ -0.191
—— P= 2 (\.](X)) .0.3187
1()_< B K l) - 2 (.\ll;()) v -0.4463
—& p =3 (V100)

0.8~

p =3 (MI50) From top: Real part of solution,

0.6~ imaginary part of solution.

0.4 Below: Slice of difference in solution output using MFEM
solver versus Ginkgo CB-GMRES.,

Real part (left), imaginary part (right)

. —r - v ey
10 10° 10°
DOF in mesh
le-08
Speedup of Ginkgo's Compressed Basis-GMRES
solver vs MFEM's GMRES solver for three different

le-08
747509 7.25¢.09
4.95¢-00 4.5-09
: 2.425%e.09 1.75e-09
MFEM matrix-free operators. .1e-10

orders of basis functions (p) for MFEM's example 22
le-09

All of them can be expressed as

Speedup for Ginkgo CB-GMRES vs MFEM

Application of a linear operator™ (LinOg

The tests use the “partial assembly” type of

CUDA 10.1/NVIDIA V100 and ROCm 4,0/AMD MI50.
GMRES(50) used for both solvers. CB-GMRES used float/double.

Test problem from Suite Sparse: https://people.engr.tamu.edu/davis/suitesparse.html



== Ginkgo

GPU-centric high performance sparse linear algebra. Sustainable and
extensible C++ ecosystem with full support for AMD, NVIDIA, Intel GPUs.

= High performance sparse linear algebra

= Exascale early systems GPU-readiness

Linear algebra building blocks: SpMV, SpMM, SpGEAM,...;
Linear solvers: BiCG, BiCGSTAB, CG, CGS, FCG, GMRES, IDR;
Advanced preconditioning techniques: ParILU, ParILUT, SAl;
Mixed precision algorithms: adaptive precision Jacobi, FSPAI;
Decoupling of arithmetic precision and memory precision;
Batched iterative solvers;

Extensible, sustainable, production-ready; —
ECP
Available: Nvidia GPU (CUDA), AMD GPU (HIP),

Intel GPU (DPC++), CPU Multithreading (OpenMP);

C++, CMake build; ‘
i ES »~
= Open source, community-driven xSDK

Freely available (BSD License), GitHub, and Spack;
Part of the xSDK and E4S software stack;

Can be used from deal.ll and MFEM;
Working on SUNDIALS integration;

N $2 deal.II

CORE

Library Infrastructure
Algorithm Implementations
= Marative Solvers
= Preconditioners

Library core contains architecture
agnostic algorithm implementation

Architecture-specific kernels execute the
algorithm on target architecture

REFERENCE OpenMP CUDA HIP DPC++
Reference kernels OpenMP kernels CUDA GPU kernels HIP GPU kernels DPC++ GPU kernels

*  SpMvV *  SpMV = SpMVv *  SpMmv + SpMV
* Solver kemels *  Solver kernels = Soclver karnels = Sclver kernels + Solver kemels

+  Precond kemels «  Precond kemels «  Precond kernels *  Precond kernels *  Precond kernels

ot Bt oMy o 9

NVIDIA AMDZO1

USAGE EXAMPLE NVIDIA A100 GPU AMD MI100 GPU INTEL GEN.S GPU

£ g M

https://ginkgo-project.github.io/

This research was supported by the Exascale Computing Project (17-SC-20-SC), a joint project of the U.S. Department of Energy’s Office of Science and National Nuclear Security
Administration, responsible for delivering a capable exascale ecosystem, including software, applications, and hardware technology, to support the nation’s exascale computing imperative.
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Simplifying research on mixed precision algorithms

* Generally, designing mixed precision algorithms in C/C++ is tedious and messy; float A:
* Requires writing code with many explicit format conversions; double X, y;

* Significant level of data duplication (in different precisions); y = A*x;




Simplifying research on mixed precision algorithms

* Generally, designing mixed precision algorithms in C/C++ is tedious and messy;

* |dea: provide a framework, where the compiler handles all format conversions:

Requires writing code with many explicit format conversions;

Significant level of data duplication (in different precisions);

Create objects in different precisions and combine them in the code;

Automatically-generated temporary copies are used to match the precisions;

After completion of the arithmetic, the output is converted back to the requested format;

No need to worry about explicit conversions;

The framework may not provide good performance;

It still allows for easy and quick investigation of numerical effects;

If an idea has proven successful, one can replace the on-the-fly conversion

with hardware-optimized implementations;

float A;
double x, vy;

y = A*x;

== Ginkgo

“Mix & Match Precisions in Ginkgo”

using mtx =
gko::matrix::Csr<float, int>;
using vec =
gko::matrix::Dense<double>;

auto solver = solver_gen->generate(A);
solver->apply(lend(b), lend(x));




Mixing precisions in Ginkgo == Ginkgo

1. Create Objects in different precision formats

using HighPrecision = double;

using LowPrecision = float;

using hp_mtx = gko::matrix::Ell<HighPrecision, IndexType>;
using lp_mtx = gko::matrix::Ell<LowPrecision, IndexType>;

// read the matrix into HighPrecision and LowPrecision.
auto hp_A = share(gko::read<hp_mtx>(std::ifstream("data/A.mtx"), exec));
auto lp_A = share(gko::read<lp_mtx>(std::ifstream("data/A.mtx"), exec));
// Set the shortcut for each dimension
auto A_dim = hp_A->get_size();
auto b_dim = gko::dim<2>{A_dim[1], 1};
auto x_dim = gko::dim<2>{A_dim[@], b_dim[1]};
auto host_b = hp_vec::create(exec->get_master(), b_dim);
// fill the b vector with some random data
std::ranlux48 rand_engine(32);
auto dist = std::uniform_real_distribution<RealValueType>(0.0, 1.0);
for (int i = @; i < host_b->get_size()[0]; i++) {
host_b->at(i, @) = get_rand_value<HighPrecision>(dist, rand_engine);

ginkgo -> examples -> mixed-spmv

https://github.com/ginkgo-project/ginkgo/tree/develop/examples/mixed-spmv
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Mixing precisions in Ginkgo == Ginkgo

_ o o 2. Combine different precisions in computations
1. Create Objects in different precision formats

// Hp * Hp —> Hp

auto hp_sec = timing(exec, hp_A, hp_b, hp_x);

// Lp x Lp —> Lp

auto lp_sec = timing(exec, 1p_A, 1lp_b, 1lp_x);

// Hp * Lp —> Hp

auto hplp_sec = timing(exec, hp_A, 1lp_b, hplp_x);
// Lp * Lp —> Hp

auto lplp_sec = timing(exec, 1p_A, 1lp_b, lplp_x);
// Lp * Hp —> Hp

auto lphp_sec = timing(exec, 1p_A, hp_b, 1lphp_x);

using HighPrecision = double;

using LowPrecision = float;

using hp_mtx = gko::matrix::Ell<HighPrecision, IndexType>;
using lp_mtx = gko::matrix::Ell<LowPrecision, IndexType>;

// read the matrix into HighPrecision and LowPrecision.
auto hp_A = share(gko::read<hp_mtx>(std::ifstream("data/A.mtx"), exec));
auto lp_A = share(gko::read<lp_mtx>(std::ifstream("data/A.mtx"), exec));
// Set the shortcut for each dimension
auto A_dim = hp_A->get_size();
auto b_dim = gko::dim<2>{A_dim[1], 1};
auto x_dim = gko::dim<2>{A_dim[@], b_dim[1]};
auto host_b = hp_vec::create(exec->get_master(), b_dim);
// fill the b vector with some random data
std::ranlux48 rand_engine(32);
auto dist = std::uniform_real_distribution<RealValueType>(0.0, 1.0);
for (int i = @; i < host_b->get_size()[0]; i++) {
host_b->at(i, @) = get_rand_value<HighPrecision>(dist, rand_engine);

ginkgo -> examples -> mixed-spmv

https://github.com/ginkgo-project/ginkgo/tree/develop/examples/mixed-spmv
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Mixing precisions in Ginkgo == Ginkgo

2. Combine different precisions in computations

1. Create Objects in different precision formats

using HighPrecision = double;

using LowPrecision = float;

using hp_mtx = gko::matrix::Ell<HighPrecision, IndexType>;
using lp_mtx = gko::matrix::Ell<LowPrecision, IndexType>;

// read the matrix into HighPrecision and LowPrecision.

auto hp_A = share(gko::read<hp_mtx>(std::ifstream("data/A.mtx"), exec));
auto lp_A = share(gko::read<lp_mtx>(std::ifstream("data/A.mtx"), exec));

// Set the shortcut for each dimension

// Hp % Hp —>
auto hp_sec =
// Lp * Lp —>
auto lp_sec =
// Hp * Lp —>
auto hplp_sec
// Lp * Lp —>
auto lplp_sec
// Lp * Hp —>
auto lphp_sec

Hp

timing(exec, hp_A, hp_b, hp_x);

Lp

timing(exec, 1p_A, lp_b, 1lp_x);

Hp

= timing(exec, hp_A, 1lp_b, hplp_x);
Hp

= timing(exec, 1p_A, lp_b, 1lplp_x);
Hp

= timing(exec, 1p_A, hp_b, 1lphp_x);

auto A_dim = hp_A->get_size();
auto b_dim = gko::dim<2>{A_dim[1], 1};
auto x_dim = gko::dim<2>{A_dim[@], b_dim[1]};
auto host_b = hp_vec::create(exec->get_master(), b_dim);
// fill the b vector with some random data
std::ranlux48 rand_engine(32);
auto dist = std::uniform_real_distribution<RealValueType>(0.0, 1.0);
for (int i = @; i < host_b->get_size()[0]; i++) {
host_b->at(i, @) = get_rand_value<HighPrecision>(dist, rand_engine);

3. Investigate rounding effects

High Precision time(s): 9.8980000000e-07

High Precision result norm: 2.5547848401e+@5
Low Precision time(s): 9.8890000000e-07

Low Precision relative error: 5.5253439244e-08
Hp * Lp Hp time(s): 1.3829000000e-06

Hp * Lp Hp relative error: 1.6328092846e-08
Lp * Lp Hp time(s): 1.3761000000e-06

Lp * Lp Hp relative error: 2.5540873856e-08
Lp * Hp Hp time(s): 1.3761000000e-06
https://github.com/ginkgo-project/ginkgo/tree/develop/examples/mixed-spmv Lp * Hp Hp relative error: 3.7166469483e-08

ginkgo -> examples -> mixed-spmv
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Background: Floating Point Formats, Accuracy, and Performance

_ Broadly speaking....

/ | ] * The length of the determines the of the values

o | that can be represented,;
Sign bit Significand * The length of the significand determines how accurate values
can be represented;
dOUbIe fp 11,52 wu=11e-16 .
precision o * The data access cost linearly depends on the memory volume;
(FP64)
* Rounding effects accumulate over a sequence of computations;

single
precision fp.8.23 u=6e8
(FP32) I
half
precision fp_ 5,10 u=4.88e-4

(FP16)



Background: Floating Point Formats, Accuracy, and Performance

i Broadly speaking....
/ | ] * The length of the determines the of the values
o | that can be represented,;
Sign bit Significand * The length of the significand determines how accurate values
can be represented;
double fp_ 11,52 u=1.1e-16 .
precision . * The data access cost linearly depends on the memory volume;
(FP64)
* Rounding effects accumulate over a sequence of computations;
single
precision fp.8.23 u=6e8
(FP32)
1 Let us focus on linear systems of the form Ax=b.

half. . * The conditioning of a linear system reflects how sensitive
precision fp_ 5,10 u=4.88e-4 ) . ] . . .
(FP16) - — the solution x is with regard to changes in the right-hand side b.

* Rule of thumb:

relative residual accuracy = ( unit round-off ) * (linear system’s condition number)

N. Higham: Accuracy and stability of numerical algorithms. SIAM, 2002.




Running iterative methods in different precision formats =% Ginkgo

Linear System Ax=b with cond(A) = 104

Double Precision

Initial residual norm sqrt(r*T r):
%%MatrixMarket matrix array real general
f S |

111:127

Final residual norm sqrt(r*T r):
%$%MatrixMarket matrix array real general
¢ 5 |

5.0775e-10

CG iteration count: 2231

CG execution time [ms]: 140.038

Experiments based on the Ginkgo library https://qinkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp
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Running iterative methods in different precision formats =% Ginkgo

Linear System Ax=b with cond(A) = 104

Double Precision

Initial residual norm sqrt(r*T r):
%%MatrixMarket matrix array real general

f S |

1311:.127

Final residual n sqrtir T k2
%%MatrixMarket mathix array real general
12 : ~1(012
5.0775e-10 Accuracy improvement ~10
CG iteration count: 1231

CG execution time [ms]: 140.038

relative residual accuracy = ( unit round-off ) * (linear system’s condition number)
N. Higham: Accuracy and stability of numerical algorithms. SIAM, 2002.

Experiments based on the Ginkgo library https://qinkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp
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Running iterative methods in different precision formats =% Ginkgo

Linear System Ax=b with cond(A) = 104

Double Precision - ValueType double; //u=le-16
+ ValueType float; //u=le-7

Initial residual norm sqrt(r~T r)
%%MatrixMarket matrix array real ¢

f S |

1311:.127

Final residual n sqrtir T k2
%%MatrixMarket mathix array real general
12 : ~1(012
5.0775e-10 Accuracy improvement ~10
CG iteration count: 1231

CG execution time [ms]: 140.038

relative residual accuracy = ( unit round-off ) * (linear system’s condition number)
N. Higham: Accuracy and stability of numerical algorithms. SIAM, 2002.

Experiments based on the Ginkgo library https://qinkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp
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Running iterative methods in different precision formats =% Ginkgo

Linear System Ax=b with cond(A) = 104

Double Precision Single Precision

Initial residual norm sqrt(r*T r): Initial residual norm sqrt(r~T r):
%%¥MatrixMarket matrix array real general ?%r:atrlxMarket matrix array real general
f L |

1 b o O b 111.127

Final residual n sqrt(r~T r): Final residu norm.sqrt(r'\T r):
%%MatrixMarket matfix array real general ?%P:atrlxMarket matrix array real general
; é775e—10 Accuracy improvement ~10%2 0.179829 Accuracy improvement ~103
CG iteration count: 1231 CG iteration count: 1234

CG execution time [ms]: 140.038 CG execution time [ms]: 127.152

relative residual accuracy = ( unit round-off ) * (linear system’s condition number)
N. Higham: Accuracy and stability of numerical algorithms. SIAM, 2002.

Experiments based on the Ginkgo library https://qinkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp
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Running iterative methods in different precision formats =% Ginkgo

Linear System Ax=b witt 10° ! — m—
. —CG in double precision
, ——CG in single precision
Double Precision \
Initial residual n \ Accuracy improvement ~10° FE(FAT 1):
%%MatrixMarket mat 35 . ol ray real general
11 c 10
133: 127 S ' .
Final residual noy 3 LEAT i)
9cssksMatrixMarkezg o ray real general
¢ 2 ~103
5.0775e-10 g o5 mprovement ~10
CG iteration count 1234
CG execution time 127.152
Accuracy improvement ~1012
10'10

0 200 400 600 800 1000 1200 1400
Iterations

Experiments based on the Ginkgo library https://qinkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp
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Running iterative methods in different precision formats =% Ginkgo

Linear System Ax=b with cond(A) = 104

Double Precision Single Precision

Initial residual norm sqrt(r*T r):
%$%MatrixMarket matrix array real general
i G |

33227

Final residual norm sqrt(r~T r):
%%MatrixMarket matrix array real general

Initial residual norm sqrt(r*T r):
%%MatrixMarket matrix array real general
f S |

111.127

Final residual norm sqrt(r*T r):
%%MatrixMarket matrix array real general

o | 11

5.0775e-10 0.179829 .

CG iteration count: 1231 CG iteration count:

CG execution time [ms]:\ 140.038 CG execution time [ms]:

Single Precision is 10% faster!

Experiments based on the Ginkgo library https://qinkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp
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Running iterative methods in different precision formats =% Ginkgo

Linear System Ax=b with cond(A) = 107 (apache2 from SuiteSparse ) NVIDIA A100 GPU

Double Precision CG + Double Precision Preconditioner

Initial residual norm sqrt(r*T r):
%$%MatrixMarket matrix array real general

1 1

1390.67

Final residual m sqri(r™T r}:
%$%MatrixMarket majjrix array real general
%.é7985e-06 Accuracy improvement ~10°
CG iteration count: 4797

CG execution time [ms]: 2971.18

Experiments based on the Ginkgo library https://qinkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp
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Running iterative methods in different precision formats =% Ginkgo

Linear System Ax=b with cond(A) = 107 (g

Double Precision CG + Double Precision - ValueType double; //u=le-16

Initial residual norm sqrt(r~T r) + ValueType float; //u=le-7
%$%MatrixMarket matrix array real
1: 1

1390.67

Final residual m sqri(r™T r}:
%$%MatrixMarket majjrix array real general
1. 1 : 1A
3.97985e-06 Accuracy improvement ~10
CG iteration count: 4797

CG execution time [ms]: 2971.18

Experiments based on the Ginkgo library https://qinkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp
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Running iterative methods in different precision formats

== Ginkgo

Linear System Ax=b with cond(A) = 107 ( apache2 from SuiteSparse ) NVIDIA A100 GPU

Double Precision CG + Double Precision Preconditioner

Initial residual norm sqrt(r~T r):
%$%MatrixMarket matrix array real general
r 0 |

1390.67

Final residual m sqri(r™T r}:
%$%MatrixMarket majjrix array real general
i N | : ~1A9
3.97985e-06 Accuracy improvement ~10
CG iteration count: 4797

CG execution time [ms]: 2971.18

Single Precision CG + Single Precision Preconditioner

Initial residual norm sqrt(r*T r):
%%MatrixMarket matrix array real general
p P |

1390.67

Final residuay\norm sqrt(r*T r):
%%MatrixMarket/matrix array real general
11 :

1588.77 No improvement

CG iteration count: 8887

CG execution time [ms]: 2972.46

relative residual accuracy = ( unit round-off ) * (linear system’s condition number)
N. Higham: Accuracy and stability of numerical algorithms. SIAM, 2002.

Experiments based on the Ginkgo library https://qinkgo-project.github.io/

ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp
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Why are we faster with a single precision CG solver?

double : single : half

2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021

NVIDIA GPU generation Tesla Fermi Kepler Maxwell Pascal Volta Ampere

Rel. compute performance 1:2 1:2 1:2 1:32 1:2:4 1:2:16* 1:2:32
1%*:8%*:32*

Rel. memory performance 1:2 1:2 1:2 1:2 1:2:4 1:2:4 1:2:4

For compute-bound applications, the performance gains
from using lower precision depend on the architecture.

Differences between Volta, Maxwell, Tesla...

For memory-bound applications, the performance gains
from using lower precision are architecture-independent
and correspond to the floating point format complexity (#bits).

Generally, 2x for FP32, 4x for FP16.

HMMA  FP16 or FP32 FP16 FP16 FP16 or FPI2
IMMA  INT32 INTS or UNTS INTS or UINTS INT32



Why are we faster with a single precision CG solver?

/ Peak performance

2006 2007 2008 2009 2010 2011 2012

NVIDIA GPU generation Tesla Fermi Keple

Rel. compute performance 1:2 1:2 1:2 o
c
(44)
S

Rel. memory performance 1:2 1:2 1:2 é
o
(a

For compute-bound applications, the performance gains
from using lower precision depend on the architecture.

Differences between Volta, Maxwell, Tesla...

v

@

For memory-bound applications, the performance gains Arithmetic Intensity [FLOP / value]

from using lower precision are architecture-independent

and correspond to the floating point format complexity (#bits).

Generally, 2x for FP32, 4x for FP16.



Decoupling the memory precision from the arithmetic precision

Traditionally, we use a strong coupling between the precision
formats used for arithmetic operations and storing data.

The arithmetic operations are free, use high precision formats.

Data access should be as cheap as possible, reduced precision.

IEEE 754 DP

Lossless Compression Lossy Compression

*  Huffman encoding *  Low precision
. 277 128 Memory Accessor ;o Precsion

O A ¥y o

Compressed Data

MemoryOperations

Memor

Performance

/ Peak performance

v

Arithmetic Intensity [FLOP / value]



Decoupling the memory precision from the arithmetic precision

Traditionally, we use a strong coupling between the precision
formats used for arithmetic operations and storing data.

The arithmetic operations are free, use high precision formats.

Data access should be as cheap as possible, reduced precision.

IEEE 754 DP

Lossless Compression Lossy Compression

*  Huffman encoding *  Low precision
. 277 128 Memory Accessor ;o Precsion

O A ¥y o

Compressed Data

MemoryOperations

Memor
i ¥ H ¥ ¥ 1l

Performance

7' N

Memory Accessor

Peak performance

v

Arithmetic Intensity [FLOP / value]



Memory Accessor for NVIDIA A100 GPU

O e T e e

103 1

Compute Performance [GFLOP / s]

---- Peak fp64 performance
---- Peak fp32 performance

100 10! 107 103
Arithmetic Intensity [FLOP / Value]



Memory Accessor for NVIDIA A100 GPU

104

103 1

—— fp64
—>& fp32
---- Peak fp64 performance
---- Peak fp32 performance

Compute Performance [GFLOP / s]

100 10! 107 103
Arithmetic Intensity [FLOP / Value]



Memory Accessor for NVIDIA A100 GPU

Compute Performance [GFLOP / s]

104

103 1

e e e e e e e e e e e e e e . e e o s s i i I e s D\ s i i s e [ERpu—
Vel

=%— Accessor<fp64, fp32>
- fp64
—>& fp32
---- Peak fp64 performance
---- Peak fp32 performance

100 10! 107
Arithmetic Intensity [FLOP / Value]

103




Memory Accessor for NVIDIA A100 GPU

104

Compute Performance [GFLOP / s]

103 -
1 —8#— Accessor<fp64, fp32>
—— fp64
—>¢— fp32
Alg_ 1 ---- Peak fp64 performance
---- Peak fp32 performance
10° 10? 10° 103

Arithmetic Intensity

Performance algorithm achieves with standard memory access.



Memory Accessor for NVIDIA A100 GPU

104

Compute Performance [GFLOP / s]

103 -
1 —8#— Accessor<fp64, fp32>
" - fp64
N —>%— fp32
Alg_ 1 ---- Peak fp64 performance
---- Peak fp32 performance
10° 10? 02 103

Arithmetic Intensity . . .
Performance algorithm achieves with memory accessor.

Performance algorithm achieves with standard memory access.



Rethinking Algorithms: Use the memory accessor to increase accuracy

Arithmetic Operations

_ IEEE 754 DP
Design | ( . ) Lossless Compression Lossy Compression
* Memory access in low precision (e.g. fp32); * Huffman encoding * Low precision
. . in hich . . f ) * 1277,1278 Memory Accessor * Custom formats
Computations in high precision (e.g. fp64); RS

Compressed Data
Characteristics

* Performance of low precision BLAS;
* Higher accuracy of low precision BLAS;

Memory Operations

Usage

1. Canreplace low precision BLAS to increase accuracy;

2. Can replace high precision BLAS if information loss is acceptable;
(without having to deal with explicit mixed precision usage)



Accessor-BLAS: Replacing LP BLAS to improve accuracy

GEMV NVIDIA V100 GPU (Summit)

2251
200 A
1751

¥ 1501

a8

Q 1251 —— GEMV fp64

&5 100 —— GEMV fp32
75 - GEMV Accessor<fp64, fp32>
504 —— GEMV CuBLAS fp64
- —— GEMV CuBLAS fp32

0 5000 10000 15000 20000 25000

Number of rows

42 09/08/21



Accessor-BLAS: Replacing LP BLAS to improve accuracy

43

GEMV NVIDIA V100 GPU (Summit)
2251 10_7 E ﬂ
200 -
175 1 ~ 10-9-
v 150 £ ——— GEMV fp32
?\5 125 4 $ 10-11 . = GEMV Accessor<fp64, fp32>
= GEMV fp64 2 —— GEMV CuBLAS fp64
© 1007 GEMYV-1p32 T s —— GEMV CuBLAS fp32
75 —— GEMV Accessor<fp64, fp32> < 10 .
50 —— GEMV CuBLAS fp64 y uniformrandom values [-1,1]
- | —— GEMV CuBLAS fp32 10771
0 5000 10000 15000 20000 25000 0 5000 10000 15000 20000 25000
Number of rows Number of rows

09/08/21



Accessor-BLAS: Replacing LP BLAS to improve accuracy

GEMV NVIDIA V100 GPU (Summit)
225
200 A
175
¥ 150
a8
Q125 —— GEMV fp64
Lu5 100 ~ — GEMV fp32
75 1 = GEMV Accessor<fp64, fp32>
50 —— GEMV CuBLAS fp64
- —— GEMV CuBLAS fp32
5000 10000 15000 20000 25000
Number of rows
DOT
200 -
n 1501
a
S DOT fp64
G 1097 —— DOT fp32
= DOT Accessor<fp64, fp32>
501 —— DOT CuBLAS fp64
—— DOT CuBLAS fp32
0 T T T T
0 1 2 3 4 5
Vector size le8

44 09/08/21

Relative error

Relative error

10—7 4

10—9 4

10—11 4

10—13 4

10—15 -

10—6 4

10—8 4

10—10 4

GEMV fp32

GEMV Accessor<fp64, fp32>
GEMV CuBLAS fp64

GEMV CuBLAS fp32

uniform random values [-1,1]

10000 15000 20000 25000

Number of rows

5000

A SO

A DA

WA Y e DOT fp32

== DOT Accessor<fp64, fp32>
—4— DOT cuBLAS fp64
== DOT cuBLAS fp32

0 1 2 3 4 5
Vector size le8



Rethinking Algorithms: Use the memory accessor to boost performance

Arithmetic Operations

IEEE 754 DP
Lossless Compression Lossy Compression
: *  Huffi di . isi
* No,notin general | furmenen<oi"  Memory Accessor | ¥ Predson
o ZFP,SZ, ..
* Yes, in some cases. Compressed Data

Memory Operations

* We need to adapt the approach to the application & data.

Two possibilities in the context of solving linear systems:

» “Self-healing” iterative methods;
* Approximate linear operators;



Rethinking Algorithms I: Self-Healing Iterative Methods

Krylov iterative solvers

Krylov methods aim at approximating the solution to a
linear problem in a subspace.

Over the iterations, a nested sequence of Krylov subspaces KiycKiCcKyC...

is generated, adding one basis vector in each iteration.

. _ 2 i—1
Orthonormalization ensures a orthonormal basis is formed Ki(A,r) = span{b, Ab, A”D,.... A" "b}

(Classical Gram-Schmidt, Modified Gram Schmidt...).
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Krylov iterative solvers

Krylov methods aim at approximating the solution to a
linear problem in a subspace.

Over the iterations, a nested sequence of Krylov subspaces KiycKiCcKyC...

is generated, adding one basis vector in each iteration.

. _ 2 i—1
Orthonormalization ensures a orthonormal basis is formed Ki(A,r) = span{b, Ab, A”D,.... A" "b}
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Rethinking Algorithms I: Self-Healing Iterative Methods

Krylov iterative solvers

Krylov methods aim at approximating the solution to a
linear problem in a subspace.

Over the iterations, a nested sequence of Krylov subspaces KiycKiCcKyC...

is generated, adding one basis vector in each iteration.

. _ 2 i—1
Orthonormalization ensures a orthonormal basis is formed Ki(A,r) = span{b, Ab, A”D,.... A" "b}

(Classical Gram-Schmidt, Modified Gram Schmidkt...).

Compressed Basis (CB-) GMRES

* Use double precision in all arithmetic operations;

* Store Krylov basis vectors in lower precision;
e Search directions are no longer DP-orthogonal;
* Hessenberg system maps solution to “perturbed”
Krylov subspace;
e Additional iterations may be needed;
* Aslong as the loss-of-orthogonality is moderate,
we should see moderate convergence degradation;




Compressed Basis (CB-) GMRES

Krylov iterative solvers

Krylov methods aim at approximating the solution to a
linear problem in a subspace.

Over the iterations, a nested sequence of Krylov subspaces
is generated, adding one basis vector in each iteration.

Orthonormalization ensures a orthonormal basis is formed
(Classical Gram-Schmidt, Modified Gram Schmidkt...).

Compressed Basis (CB-) GMRES

* Use double precision in all arithmetic operations;

* Store Krylov basis vectors in lower precision;
e Search directions are no longer DP-orthogonal;
* Hessenberg system maps solution to “perturbed”
Krylov subspace;
* Additional iterations may be needed;
* Aslong as the loss-of-orthogonality is moderate,
we should see moderate convergence degradation;

Normalized residual norm

| 4 ¥ MGS-GMRES<fp64,fp64>

_— GMRES<fp64,fp64>

. GMRES<fp64,fp32>
Glnkgo GMRES<fp64,fp16>

{> GMRES
https://ginkgo-project.github.io/ — GMRES<fp64

arithmetic precision

Impact example:
Serena test matrix (Suite Sparse)

int16

memory precision

0 500 1000
Iteration number


https://ginkgo-project.github.io/

Compressed Basis GMRES

2 MGS-GMRES<fp64,fp64> P
GMRES<fp64,fp64> N oy
GMRES<fp64,fp32> 2 NVIDIA A100 GPU
P GMRES<ip64,ip16> Glnkgo %

1077 ) GMRES<ip64,int32>
« — GMRES<fp64,int16>
106 » O MGS-GMRES<fp32,fp32> -

https://ginkgo-project.github.io/

-
2 ' 8
: : S 1085 s s -
* CB-GMRES using 32-bit storage 3 " | | o S - s A - T 3
8 7l Gl il i K , - iz
preserves DP accuracy LA i 7. W D0 & A A -
10 ’ 12 1 ¥ o A A A
(SP-GMRES does not) % E . b i . $¥10 S ] 64
E102r 000009 v &% ¢ %G CLOEBOEOY BHG Yooenes one
S ‘

r ¥4
10~|4 Ll A i | MABEE AU DASE DA AR MEAS JVER osd e P basy Iomed femtd S il Pomed Bl Casn) Gens b e | | 1 1 Il edien] (el pmoel sl Wal i WSS Dpans] il o hostd R B |



Compressed Basis GMRES

% MGS-GMRES<fp64,fp64> ™
GMRES<fp64,fp64> B 08y
GMRES<fp64,fp32> > NVIDIA A100 GPU
"B GMRES<fp64,fp16> Glnkgo a
107 1 ) GMRES<fp64,int32> ] e A
: ’ https: kgo- t.github.
- £ GMRES<Ip64.int16> https://ginkgo-project.github.io/
£ 106 » O MGS-GMRES<fp32,fp32> cim -
o :" B NP 0 WO N O I 0 0 B0 K 0 R 5 D K O N SR i o W W o A o [P S e o K O R "o oN W0 AN o N PSP W oy o o
. . « 8. e ki O i
 CB-GMRES using 32-bit storage g 0 -_x - - iy A A T
preserves DP accuracy § 1010 r A AaAn A @ rg @@ @ AA ol 'y i
E A -

(SP-GMRES does not) - $ BEbE v A
gw“?i-@@@@@@ v &% o9 $°¢°6 @AV$$¢$9¢ o9 Y 9$@$¢a$ o9
< r ¢

10-1 ol VY FA0) el Tae] dime] Gmal i i 2 LY LY (S LT AL (Sl (] U] ] ] Vel ] Ao AR C L AT ] ] ] (] ] i (] il ] ALK i
25
* Speedups problem-dependent al fad Z
v O
A
* Speedup @1.4x (for restart 100) 58 | ¢ o i R ¢ 4 L&
- APTTT S S B L A SRR B B TP R R KR
* 16-bit storage mostly inefficient §§ §v7o v d oV AR 00 0? ! AT gV . 5 |
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Matrices

Compressed Basis GMRES on High Performance GPUs _
https://arxiv.org/abs/2009.12101

José |. Aliaga, Hartwig Anzt, Thomas Gritzmacher, Enrique S. Quintana-Orti, Andrés E. Tomas


https://arxiv.org/abs/2009.12101

Rethinking Algorithms II: Approximate Linear Operators




Rethinking Algorithms II: Approximate Linear Operators

Preconditioning iterative solvers.

 Idea: Approximate inverse of system matrix to make the system “easier to solve”: P~1 ~ A~!

andsolve Az =bh < P lArz=P %% & Azr=0>.

Block-Jacobi preconditioner is based on block-diagonal scaling: P = diagg(A)
* Each block corresponds to one (small) linear system.
* Larger blocks typically improve convergence.

* Larger blocks make block-Jacobi more expensive.



Rethinking Algorithms II: Approximate Linear Operators

Preconditioning iterative solvers.
 Idea: Approximate inverse of system matrix to make the system “easier to solve”: P~! ~ A1

andsolve Az =bh < P lArz=P %% & Azr=0>.

Block-Jacobi preconditioner is based on block-diagonal scaling: P = diagp(A)

* Each block corresponds to one (small) linear system.
* Larger blocks typically improve convergence.

* Larger blocks make block-Jacobi more expensive.
«  Why should we store the preconditioner matrix P~ in full (high) precision?

* Use the accessor to store the inverted diagonal blocks in lower precision.

* Be careful to preserve the regularity of each inverted diagonal block!

Lossless Compression
*  Huffman enco

. 1277,1278

ding

Memory

A
e
Processing Units

IEEE 754 DP

Data Accessor

Compressed Data




Mixed Precision Preconditioning

-~

o

Choose how much accuracy of the preconditioner

should be preserved in the selection of the storage format.

All computations use double precision,
but store blocks in lower precision.

Invert the diagonal block
using Gauss-Jordan elimination.

Compute condition number
and exponent range.

Select storage format:

16-bit  fps10=> fps,7 b D114
N4 !
32-bit fpg,23 = fp11,20
AR |
64-bit fpu,sz

+ Regularity preserved;
+ Flexibility in the accuracy;
+ ”Not a low precision preconditioner”
+ Preconditioner is a constant operator;

+ No flexible Krylov solver needed ;

Overhead of the precision detection

(condition number calculation);

Overhead from storing precision information

(need to additionally store/retrieve flag);

Speedups / preconditioner quality problem-dependent;




Mixed Precision Preconditioning

B covole I single I P2 D 20 I 14 I &7
100%
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Mixed Precision Preconditioning
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Mixed Precision Preconditioning AP Ginkgo

Linear System Ax=b with cond(A) = 107 ( apache2 from SuiteSparse ) NVIDIA A100 GPU

Double Precision CG + Double Precision Preconditioner Single Precision CG + Single Precision Preconditioner
Initial residual norm sqrt(r~T r): Initial residual norm sqrt(r*T r):
%$%MatrixMarket matrix array real general %%MatrixMarket matrix array real general
: 0 | 3 1

1390.67 1390.67

Final residual m sgrE(c”T r): Final residuaWnorm sqrt(r~T r):
%%MatrixMarket majrix array real general %%MatrixMarket/matrix array real general
1.1 A . s 11 .

3.07985e-06 ccuracy improvement ~10 1588.77 No improvement

CG iteration count: 4797 CG iteration count: 8887

CG execution time [ms]: 2971.18 | CG execution time [ms]: 2972.46

Experiments based on the Ginkgo library https://qinkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp



https://ginkgo-project.github.io/

Mixed Precision Preconditioning AP Ginkgo

Linear System Ax=b with cond(A) = 107 ( apache2 from SuiteSparse ) NVIDIA A100 GPU

Double Precision CG + Double Precision Preconditioner Double Precision CG + Mixed Precision Preconditioner
igéti'a]: ';esid:al gorm sqrt(rT {) : 1 * Attainable accuracy of CG unaffected
1 la FAADAERCE MACESS ANy wCat.geRrEra * Preconditioner remains a constant operator

1390.67

Final residual norm sqrt(r*T r):
%%MatrixMarket matrix array real general
1 1

3.97985e-06

CG iteration count: 4797

CG execution time [ms]: 2971.18

Experiments based on the Ginkgo library https://qinkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp



https://ginkgo-project.github.io/

Mixed Precision Preconditioning LA Ginkgo

Linear System Ax=b with cond(A) = 107 ( apache2 from SuiteSparse ) NVIDIA A100 GPU

Double Precision CG + Double Precision Preconditioner Double Precision CG + Mixed Precision Preconditioner

Initial residual norm sqrt(r~T r):

%%MatrixMarket matrix array real general Initial residual norm sqrt(r*T r):

%%MatrixMarket matrix array real general

31 11

1390.67 1390.67

Final residual norm sqrt(r*T r): Final residual norm sqrt(r T r):

?%qatrixMarket matrix array real general %%MatrixMarket matrix array real general
i

3.97985e-06

CG iteration count: 4797 369?32¢:t2gn count: 4794

CG execution time [ms]:|2971.18 | CG execution time [ms]:\2568.1

16% runtime improvement

Experiments based on the Ginkgo library https://qinkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp
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Iterations (adaptive Time (adaptive CG converged? CG + Jacobi converged? CG + adaptive Jacobi converged?
g g g
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B 'terations (adaptive) [Jl] Time (adaptive) [} CG converged? [} CG + Jacobi converged? [T CG + adaptive Jacobi converged?
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NVIDIA A100 GPU
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Problems where the preconditioner has higher accuracy than 2 digits.
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R * « Roughly 20% faster.
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Flegar, Anzt, Cojean, Quintana-Orti. "Customized-Precision Block-Jacobi Preconditioning for
Krylov Iterative Solvers on Data-Parallel Manycore Processors”. TOMS, 2021.

Speedup

0.5
Artifact Evaluation: https.//qgithub.com/qginkgo-project/ginkgo-data/tree/2019toms-adaptive-bj

Production-ready code: https://qginkgo-project.github.io -~ Ginkgo
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https://github.com/ginkgo-project/ginkgo-data/tree/2019toms-adaptive-bj/plots
https://ginkgo-project.github.io/

== Ginkgo

Library core contains architecture- CORE
. . agnostic algorithm implementation Libeary Infrastructure
= High performance sparse linear algebra O etores
Runtime polymorphism selects the right kernel *  Preconditioners
— Linear algebra building blocks: SpMV, SpMM, SpGEAM,...; SRR " -
— Linear solvers: BiCG, BiCGSTAB, CG, CGS, FCG, GMRES, IDR; o e
— Advanced preconditioning techniques: ParILU, ParILUT, SAI;
— Batched iterative solvers;
REFERENCE OpenMP CUDA HIP DPC++
= Exascale early systems GPU-readiness gy bt v e S o
*  Solver kemels *  Solver kernels = Solver kernels *  Solver kernels + Solver kemels
+  Precond kemels *  Precond kernels *  Precond kernels *  Precond kernels *  Precond kernels

— Available: Nvidia GPU (CUDA), AMD GPU (HIP),
Intel GPU (DPC++), CPU Multithreading (OpenMP);

—  C++, CMake build; ES ¢ ol ol o] ——d

=  Open source, community-driven " e “ANVIDIA AMDZ intel
— Freely available (BSD License), GitHub, and Spack; REDK USAGE EXAMPLE NVIDIA A10G GPU  AMD MI188 GPU  INTEL GEN.8 GPU
— Part of the xXSDK and E4S software stack; @ e s - GEREE S
— Can be used from deal.ll and MFEM; : Emssnemmaey, j’ Y. I
= Modular precision ecosystem L —— omeiTine e

— Decoupling of arithmetic precision and memory precision;
— Compressed Basis (CB) Krylov methods;

— Mixed precision algorithms: adaptive precision Jacobi, FSPAI; https://ginkgo-project.github.iol

This research was supported by the Exascale Computing Project (17-SC-20-SC), a collaborative effort of the U.S. Department of Energy Office of Science and the National Nuclear
Security Administration and the Helmholtz Impuls und Vernetzungsfond VH-NG-1241.
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Accessor for AMD MI100 GPU

Compute Performance [GFLOP / s]

104

103 -

—— fp64

—— fp32

—>¢— Accessor<fp64, fp64>
Accessor<fp64, fp32>

---- Peak fp64 performance

---- Peak fp32 performance

100 10! 102
Arithmetic Intensity [FLOP / Value]

103



Accessor for NVIDIA A100 GPU

Compute Performance [FLOP / s]
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Accessor for Intel Skylake CPU

Compute Performance [GFLOP / s]
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Accessor for AMD EPYC CPU

Compute Performance [GFLOP / s]
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Memory accessor for memory-bound routines

Design
 Memory access in low precision (e.g. fp32);
 Computations in high precision (e.g. fp64);

Characteristics
* Performance of low precision routine;
* Higher accuracy of low precision routine;

Usage

1. Accessor-BLAS can replace low precision BLAS to increase accuracy;

2. Accessor-BLAS can replace high precision BLAS if information loss is acceptable;
(without having to deal with explicit mixed precision usage)



Accessor-BLAS: Replacing LP BLAS to improve accuracy

GEMV NVIDIA V100 GPU (Summit)
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Accessor-BLAS: Replacing LP BLAS to improve accuracy

GEMV NVIDIA V100 GPU (Summit)
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Accessor-BLAS: Replacing LP BLAS to improve accuracy

GEMV NVIDIA V100 GPU (Summit)
225
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Accessor-BLAS: Replacing LP BLAS to improve accuracy

GEMV

NVIDIA V100 GPU (Summit)
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Mixed Precision Sparse Approximate Inverse

* Preconditioning iterative solvers.

 Idea: Approximate inverse of system matrix to make the system “easier to solve”: P~! ~ A1

andsolve Az =bh < P lArz=P %% & Azr=0>.
1

| 2a
I = find(M(i,:)) /
» Sparse Approximate Inverse Preconditioner el

generate set of small systems,
solve with batched solver and
insert solution into M

e M~ A"! and sparse

* Incomplete Sparse Approximate Inverse (ISAl) s Wapse

uses sparsity pattern of 4 ;

* Factorized Sparse Approximate Inverse (FSPAI) #1 > WarpSize

stores inverse approximation in factorized form; 2b
store #l and

#nonzeros in AT(1,1) St

Processing Units

IEEE 754 DP

,
At dddiill 4adld ALLLS

xf =

° 77,1278 Custom formas
7,2,

Ssssssssssssssssssssnnns

G Data Accessor - ‘owerecson

Compressed Data

* Use the accessor to store the preconditioner in lower precision. \ build excess system,

solve with BJ-GMRES and Memt;;,y Operations
. . . lemor]
insert solution into M y

: —

Goébel at al: Mixed Precision Incomplete and Factorized Sparse Approximate Inverse Preconditioning on GPUs, EuroPar submitted.




Mixed Precision Sparse Approximate Inverse

Preconditioning iterative solvers.

Idea: Approximate inverse of system matrix to make the system “easier to solve”: P~1 ~ A~}

andsolve Ar =19

s P lAz=P 1

Sparse Approximate Inverse Preconditioner

M~ A" and sparse

Incomplete Sparse Approximate Inverse (ISAI)

uses sparsity pattern of 4 ;

Factorized Sparse Approximate Inverse (FSPAI)

stores inverse approximation in factorized form;

& Ar=0b.

i

I = find(M(i,:)) /

#1 > WarpSize

2b

store #l and
#nonzeros in AT(1,1)

~

#1 < WarpSize

build excess system,
solve with BJ-GMRES and
insert solution into M

2a
AT(L1) x M(i,1)T = e/1)

eoooosssccooese

=

generate set of small systems,
solve with batched solver and
insert solution into M




Mixed Precision Sparse Approximate Inverse

* Preconditioning iterative solvers.
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Goébel at al: Mixed Precision Incomplete and Factorized Sparse Approximate Inverse Preconditioning on GPUs, EuroPar submitted.




Mixed Precision Sparse Approximate Inverse

ISAI

ISAl<fp64, fp32> median

ISAI<fp64, fp16> median
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~10% speedup for ISAl<fp64,fp32>

~20% speedup for ISAI<fp64,fp16> - unstable!

Goébel at al: Mixed Precision Incomplete and Factorized Sparse Approximate Inverse Preconditioning on GPUs, EuroPar submitted.



FSPAI

ISAI

FSPAI<fp64, fp32>

FSPAI<fp64, fp16>
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Mixed Precision Sparse Approximate Inverse

Mttt -~

dnpaads qeisodig

~ pljod

~15% speedup for FSPAI<fp64,fp32>
~25% speedup for FSPAI<fp64,fpl16>

~10% speedup for ISAl<fp64,fp32>

~20% speedup for ISAI<fp64,fp16> - unstable!

Goébel at al: Mixed Precision Incomplete and Factorized Sparse Approximate Inverse Preconditioning on GPUs, EuroPar submitted.



