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Motivation

We	are	looking	for	a	factorization-based	preconditioner	such	that																				
is	a	good	approximation	with	moderate	nonzero	count	(e.g.																																													).

A ⇡ L · U
nnz(L+ U) = nnz(A)
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Motivation

We	are	looking	for	a	factorization-based	preconditioner	such	that																				
is	a	good	approximation	with	moderate	nonzero	count	(e.g.																																													).

• Where	should	these	nonzero	elements	be	located?
• How	can	we	compute	the	preconditioner	in	a	highly	parallel	fashion?

Exact	LU	Factorization

• Decompose	system	matrix	into	product	 																		.
• Based	on	Gaussian	elimination.
• Triangular	solves	to	solve	a	system															:

• De-Facto	standard	for	solving	dense	problems.
• What	about	sparse?	Often	significant	fill-in...

A = L · U

Ax = b

Ly = b ) y ) Ly = b ) x
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Incomplete	LU	Factorization	(ILU)

• Focused	on	restricting	fill-in	to	a
specific	sparsity	pattern			.

• For	ILU(0),				is	the	sparsity	pattern	of				.
• Works	well	for	many	problems.
• Is	this	the	best	we	can	get	for	nonzero	count?

• Fill-in	in	threshold	ILU	(ILUT)	is	based	on	the
significance	of	elements	(e.g.	magnitude).
• Often	better	preconditioners	than	

level-based	ILU.
• Difficult	to	parallelize.

S
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Motivation

Rethink	the	overall	strategy!

• Use	a	parallel	iterative	process	to	generate	factors.

• The	preconditioner	should	have	a	moderate	number	of	nonzero	elements,
but	we	don’t	care	too	much	about	 intermediate	data.

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	in	those	 locations	such	that	 																				is	a	“good”	approximation.

3. Maybe	change	some	locations	in	favor	of	locations	that	result	 in	a	better	preconditioner.
4. Repeat	until	the	locations	don’t	change	any	more.
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Rethink	the	overall	strategy!

• Use	a	parallel	iterative	process	to	generate	factors.

• The	preconditioner	should	have	a	moderate	number	of	nonzero	elements,	
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Considerations

• This	is	an	optimization	problem…

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	 in	those	locations	such	that					

is	a	“good”	 approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A ⇡ L · U
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nnz(A� L · U)
nnz(L+ U)

Considerations

• This	is	an	optimization	problem	with																															equations
and																									variables.

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	 in	those	locations	such	that					

is	a	“good”	 approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.
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Considerations

• This	is	an	optimization	problem	with																															equations	
and																									variables.

• We	may	want	to	compute	the	values	in										such	that																																										,
the	approximation	being	exact	in	the	 locations	included	in				,	but	not	outside!

L,U

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	 in	those	locations	such	that					

is	a	“good”	 approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
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Considerations

• This	is	an	optimization	problem	with																															equations	
and																									variables.

• We	may	want	to	compute	the	values	in										such	that																																										,
the	approximation	being	exact	in	the	 locations	included	in				,	but	not	outside!

• This	is	the	underlying	idea	of	Edmond	Chow’s	parallel	ILU	algorithm1:	

• Converges	in	the	asymptotic	sense	towards	 incomplete	factors	
such	that	

L,U

F (L,U) =

(
1

ujj

⇣
aij �

Pj�1
k=1 likukj

⌘
, i > j

aij �
Pi�1

k=1 likukj , i  j

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	 in	those	locations	such	that					

is	a	“good”	 approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A ⇡ L · U

R = A� L · U = 0|S
S

nnz(A� L · U)
nnz(L+ U)

R = A� L · U = 0|S
L,U
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1Chow	and	Patel.	“Fine-grained	Parallel	Incomplete	LU	Factorization”. In:	SIAM	J.	on	Sci.	Comp.	(2015).
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• This	is	an	optimization	problem	with																															equations	
and																									variables.

• We	may	want	to	compute	the	values	in										such	that																																										,
the	approximation	being	exact	in	the	 locations	included	in				,	but	not	outside!

• This	is	the	underlying	idea	of	Edmond	Chow’s	parallel	ILU	algorithm1:	

• We	may	not	need	high	accuracy	here,	
because	we	may	change	the	pattern	again…		One	single	fixed-point	sweep.
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1. Select	a	set	of	nonzero	 locations.
2. Compute	values	 in	those	locations	such	that					

is	a	“good”	 approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A ⇡ L · U

R = A� L · U = 0|S
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Considerations

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	in	those	 locations	such	that	 				

is	a	“good”	approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A ⇡ L · U
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Considerations

• Maybe	use	the	ILU	residual	as	quality	metric.

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	in	those	 locations	such	that	 				

is	a	“good”	approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A ⇡ L · U
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A ⇡ L · U

Considerations

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	in	those	 locations	such	that	 				

is	a	“good”	approximation.
3. Maybe	change	some	locations	in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A• The	sparsity	pattern	of					might	be	a	good	initial	start	for	nonzero	 locations.
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A ⇡ L · U

Considerations

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	in	those	 locations	such	that	 				

is	a	“good”	approximation.
3. Maybe	change	some	locations	 in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A

1Saad.	“Iterative	Methods	for	Sparse	Linear	Systems,	2nd Edition”. (2003).

• The	sparsity	pattern	of					might	be	a	good	initial	start	for	nonzero	 locations.
• Then,	the	approximation	will	be	exact	for	all	locations

and	nonzero	 in	locations																																																																																1.	S1 = (S(A) [ S(L0 · U0)) \ S(L0 + U0)
S0 = S(L0 + U0)
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A ⇡ L · U

Considerations

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	in	those	 locations	such	that	 				

is	a	“good”	approximation.
3. Maybe	change	some	locations	 in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A

S1 = (S(A) [ S(L0 · U0)) \ S(L0 + U0)

• The	sparsity	pattern	of					might	be	a	good	initial	start	for	nonzero	 locations.
• Then,	the	approximation	will	be	exact	for	all	locations

and	nonzero	 in	locations																																																																																1.	

• Adding	all	these	locations	(level-fill!)	might	be	good	idea…

S0 = S(L0 + U0)
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A ⇡ L · U

Considerations

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	in	those	 locations	such	that	 				

is	a	“good”	approximation.
3. Maybe	change	some	locations	 in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

A

S1 = (S(A) [ S(L0 · U0)) \ S(L0 + U0)

• The	sparsity	pattern	of					might	be	a	good	initial	start	for	nonzero	 locations.
• Then,	the	approximation	will	be	exact	for	all	locations

and	nonzero	 in	locations																																																																																1.	

• Adding	all	these	locations	(level-fill!)	might	be	good	idea, but	adding	these	
will	again	generate	new	nonzero	residuals

S0 = S(L0 + U0)

S2 = (S(A) [ S(L1 · U1)) \ S(L1 + U1)
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A ⇡ L · U

Considerations

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	in	those	 locations	such	that	 				

is	a	“good”	approximation.
3. Maybe	change	some	locations	 in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

• At	some	point	we	should	remove	some	locations	again,	e.g.	the	smallest	elements,
and	start	over	looking	at	locations																																	…R = A� Lk · Uk
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A ⇡ L · U

Considerations

1. Select	a	set	of	nonzero	 locations.
2. Compute	values	in	those	 locations	such	that	 				

is	a	“good”	approximation.
3. Maybe	change	some	locations	 in	favor	of	

locations	that	result	in	a	better	preconditioner.
4. Repeat	until	the	preconditioner	quality	stagnates.

• At	some	point	we	should	remove	some	locations	again,	e.g.	the	smallest	elements,
and	start	over	looking	at	locations																																	…

• We	need	another	sweep,	then...
R = A� Lk · Uk
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ParILUT

Interleaving	fixed-point	sweeps	approximating	values	
with	pattern-changing	symbolic	routines.
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• Top-level	solver	iterations	as	quality	metric.
• Few	sweeps	give	a	“better”	preconditioner	than	ILU(0).
• Better	than	conventional	ILUT?

ParILUT quality
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• Top-level	solver	iterations	as	quality	metric.
• Few	sweeps	give	a	“better”	preconditioner	than	ILU(0).
• Better	than	conventional	ILUT?
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• Top-level	solver	iterations	as	quality	metric.
• Few	sweeps	give	a	“better”	preconditioner	than	ILU(0).
• Better	than	ILUT?

ParILUT quality

• Pattern	converges	after	few	sweeps.
• Pattern	“more	like”	ILUT	than	ILU(0).
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Interleaving	fixed-point	sweeps	approximating	values	
with	pattern-changing	symbolic	routines.

33 Hartwig Anzt:	ParILUT -A	Parallel	Threshold	ILU	for	GPUs02/14/2020
1Anzt	et	al.	“ParILUT–A	new	parallel	threshold	ILU”. In:	SIAM	J.	on	Sci.	Comp.	(2018).

ParILUT – A Parallel	Threshold	ILU	for	GPUs	



ParILUT – A Parallel	Threshold	ILU	for	GPUs	

Interleaving	fixed-point	sweeps	approximating	values	
with	pattern-changing	symbolic	routines.
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Parallelism	inside	the	building	blocks:

• Fixed-Point	Sweeps1

• Residuals1

• Identify	Fill-In	Locations2

• Add	Locations2

• Remove	Locations2

• Select	Threshold	Separating	Smallest	Elements

1Chow	et	al.	“Asynchronous	Iterative	Algorithm	for	Computing	Incomplete	
Factorizations	on	GPUs”.	In	ISC	2015.

2Anzt	et	al.	“ParILUT–A	new	parallel	threshold	ILU”. In:	SIAM	J.	on	Sci.	Comp.	(2018).



Threshold	Selection	on	GPUs
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Given	an	unsorted	 sequence	of	real	numbers		
,	we	want	to	find	the	

element								such	that	 in	the	sorted	sequence
x0, x1, x2, x3, . . . xn�1
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<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

the	element							is	located	in	position	 			.	xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

xi0  xi1  xi2  xi3  · · ·  xik  . . . xin�1
<latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

We	do	not	necessarily	need	to	sort	the	complete	sequence!

This	is	equivalent	to	the	Selection	Problem!

http://bit.ly/SampleSelectGPU
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Given	an	unsorted	 sequence	of	real	numbers		
,	we	want	to	find	the	

element								such	that	 in	the	sorted	sequence
x0, x1, x2, x3, . . . xn�1

<latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit><latexit sha1_base64="k9BCAshzX+0fw9giYT0eMjur+vU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlMopSDBWYmEsEn1IbRQ5rtNadZzIdlCrqDMLv8LCAEKsfAEbf4PTZoCWK/nq6Jx7dH2PH3OmNELfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vZHN5nefqBSsUjc60lM3RAPBAsYwdpQnn089lAFjj0na7WsXVRgrx9pZWAqzp2pZ5dRFc0KLgMnB2WQV8Ozv4yfJCEVmnCsVNdBsXZTLDUjnE5LvUTRGJMRHtCugQKHVLnp7JQpPDVMHwaRNE9oOGN/O1IcKjUJfTMZYj1Ui1pG/qd1Ex1cuykTcaKpIPNFQcKhjmCWC+wzSYnmEwMwkcz8FZIhlphok17JhOAsnrwMWrWqg6rO3WW5jvI4iuAInIAz4IArUAe3oAGagIBH8AxewZv1ZL1Y79bHfLRg5Z5D8Keszx88i5gG</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

the	element							is	located	in	position	 			.	xik
<latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit><latexit sha1_base64="otVp7LSPkZFdX7Pg2j8iq8TixnI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cKthXaEDbbSbtkswm7G7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzATXxnW/ncra+sbmVnW7trO7t39QPzzq6jRXDDssFal6CKlGwSV2DDcCHzKFNAkF9sL4Zub3HlFpnsp7M8nQT+hI8ogzaqzUewoKHsTToN5wm+4cZJV4JWlAiXZQ/xoMU5YnKA0TVOu+52bGL6gynAmc1ga5xoyymI6wb6mkCWq/mJ87JWdWGZIoVbakIXP190RBE60nSWg7E2rGetmbif95/dxE137BZZYblGyxKMoFMSmZ/U6GXCEzYmIJZYrbWwkbU0WZsQnVbAje8surpHvR9Nymd3fZaLllHFU4gVM4Bw+uoAW30IYOMIjhGV7hzcmcF+fd+Vi0Vpxy5hj+wPn8AaCzj7A=</latexit>

xi0  xi1  xi2  xi3  · · ·  xik  . . . xin�1
<latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit><latexit sha1_base64="DJ9gbEjWNSmu/MwUM/m88QVpqCo=">AAACQnicbZBNS8MwGMfT+TbnW9Wjl+AQvDjaKehx4MXjBPciWylplm5haVqTVByln82Ln8CbH8CLB0W8ejDrCtbNBwI/fs+Tt78XMSqVZb0YpaXlldW18nplY3Nre8fc3WvLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtfTvudeyIkDfmNmkTECdCQU59ipLRyzdsHN6GulfYZuYMZ2wWuF/h0xv1BqCT81eMUFnymEn5ip6lrVq2alRVcBDuHKsir6ZrP+gwcB4QrzJCUPduKlJMgoShmJK30Y0kihMdoSHoaOQqIdJIsghQeaTOAfij04gpmtrgjQYGUk8DTkwFSIznfm8r/er1Y+RdOQnkUK8Lx7CI/ZlCFcJonHFBBsGITDQgLqt8K8QgJhJVOvaJDsOe/vAjtes22avb1WbVh5XGUwQE4BMfABuegAa5AE7QABo/gFbyDD+PJeDM+ja/ZaMnI9+yDP2V8/wAJiLGS</latexit>

k
<latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit><latexit sha1_base64="IUENqWQOXhAhh0RBPxi0kEtmDQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqTQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w/NG4zd</latexit>

We	do	not	necessarily	need	to	sort	the	complete	sequence!

This	is	equivalent	to	the	Selection	Problem!

http://bit.ly/SampleSelectGPU



Parallelization	&	Communication	of	SampleSelect on	GPUs
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• Run	SampleSelect using	all	resources	on	complete	data	set;
• Use	global	atomics	to	generate	bucket	counts;

Thread	Block Thread	BlockThread	Block

Thread	Block Thread	BlockThread	Block

…

• Split	data	set	into	chunks,	assign	to	thread	blocks;
• Each	thread	block	runs	bucket	count	on	 its	data;
• Use	a	global	reduction	to	get	global	bucket	counts;

Shared	Memory	AtomicsGlobal	Memory	Atomics

Global	Atomics Shared	Memory	Atomics



Global	vs.	Local	Memory	Atomics

38

-g	:	global	memory	atomics
-s:	shared	memory	atomics

NVIDIA	K40 NVIDIA	V100

double	precision

single	precision

3x	over	QuickSelect



Approximate	and	Exact	Selection	on	GPUs1

SampleSelect Algorithm

39 Hartwig Anzt:	ParILUT -A	Parallel	Threshold	ILU	for	GPUs02/14/2020
1Ribizel	and	Anzt.	“Approximate	and	Exact	Selection	on	GPUs”. In:	ASHES	workshop	2019.

We	do	not	descent	to	the	lowest	 level	of	the	recursion	
tree	if	we	accept	an	approximate	threshold.

• Accuracy	depends	on	the	ratio	splitters	vs.	dataset	size;
• Independent	 of	value	distribution	(works	on	ranks,	only);

Approximate	selection	on	228 uniformly	distributed	single	precision	
values	using	1	recursion	level,	only.http://bit.ly/SampleSelectGPU

NVIDIA	V100	GPU

1024	buckets
512	buckets256	buckets

128	buckets



ParILUT - A	Parallel	Threshold	ILU	for	GPUs
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ANI5 ANI6

Impact	of	exact/approximate	SampleSelect on	ParILUT preconditioner	quality

40 Hartwig Anzt:	ParILUT -A	Parallel	Threshold	ILU	for	GPUs02/14/2020



ParILUT - A	Parallel	Threshold	ILU	for	GPUs

Impact	of	exact/approximate	SampleSelect on	ParILUT runtime	breakdown
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Matrices	taken	from	Suite	Sparse	Matrix	Collection.

41 Hartwig Anzt:	ParILUT -A	Parallel	Threshold	ILU	for	GPUs02/14/2020

NVIDIA	V100	GPU	

Anzt,	Ribizel,	Flegar,	Chow,	Dongarra.	“ParILUT - a	parallel	threshold	 ILU	for	GPUs”, IPDPS	 (2019)

https://bit.ly/ParILUTGPU



ParILUT - A	Parallel	Threshold	ILU	for	GPUs

ParILUT performance	across	different	GPU	generations:
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1st bar:	NVIDIA	K40
2nd bar:	NVIDIA	P100
3rd bar:	NVIDIA	V100

Matrices	taken	from	Suite	Sparse	Matrix	Collection.
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Anzt,	Ribizel,	Flegar,	Chow,	Dongarra.	“ParILUT - a	parallel	threshold	 ILU	for	GPUs”, IPDPS	 (2019)
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ParILUT Performance	across	architectures

Matrices	taken	from	Suite	Sparse	Matrix	Collection.
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https://bit.ly/ParILUTGPU



Next	Steps	…

• Hybrid	ParILUT version	utilizing	GPU	and	CPU,	
overlapping	communication	&	computation.

• Asynchronous version	relaxing	dependencies.

• Use	a	different	sparsity-pattern	generator:	
• Randomized?
• Machine	learning	techniques?

• Increasing	fill-in	towards	“full”	factorization.

• ParILUT routines	available	in	MAGMA-sparse	 and	Ginkgo.

http://bit.ly/ParILUTGPU
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Test	matrices
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Convergence:	GMRES	iterations
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Convergence:	CG	iterations
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